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A projection operators technique in calculations

of Green function for quantum system in external
field

H.V. Grushevskaya*
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Properties of projective operational function of Green for quantum system was
analysed. The diagrammatic technique to find a Green function of quantum system
in an external field is offered.
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1. Introduction

The method of Green functions is one of the most powerful methods of computing physics. In
[1] we have shown that a Green function of quantum system is represented by matrix elements
of the operator function expressing through projection operators. We shall call this operator
function as a projection operator Green function and further we shall examine its properties.

The goal of the article is to develop a diagram technique which allows to find the projection
operator Green function describing a quantum system in an external field.

2. Formalism of Green function

Green function G(7,7";t,t’) satisfies to an equation with in a d-function in the right part,
for example, as

0 A
ma — H(F, 7, a5 t) | GF, 758,87 = 0(F— 7)d(t — t), (1)
where 7, 7,7 is space variables, t,t’ is time. Since G(7,7;¢,t") should describe propagation of
a signal from a point 7 to a point 7 for a time interval (¢t — t’), it depends on a difference of
times (¢t —t'):

G(r,r;t,t") = G(F, 7t —t). (2)

The time interval 7 = (¢ — ¢') should be positive as owing to the wave nature the signal is
propagated according to a Huygens principle, i.e. an excitation is transferred sequentially in
time from one point of space to the nearest one. Therefore, the Green function has no physical
sense itself. Physical sense has a propagation function or propagator G*(7,7; 7) determined as

GE(F, 7, 1) = O(£7)G(F, 7 7), (3)
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where the function G*(7,7";7) is called a retarded Green function, the function G~ (7, 7";7) is
called a advanced Green function. A Laplace transformation of Green function G(7,7";t — t')
has the following form

Gt —t) = / g‘; U G(F, ) w). (4)

—

Let us examine a case of a hamiltonian H = ]:Io(r, 71, Ts, . ..) which is independent of time t.
Then the Laplace image of function of Green G(7,7'; z), being analytical continued in a complex
plane Z, can be determined as a solution of the following non-homogeneous differential equation:

[z — Ho(F, 71, 7, .. )|G(F, 7 2) = 8(F — 7) (5)

which has boundary conditions defined on boundary surface S of area V. Here we assume that
z is a complex variable, the time independent operator Hy(7) is a linear Hermitian differential
operator which possesses a complete set of eigen functions {¢,(7)}:

Ho(7, 71,7, .. )b () = wdn (7). (6)
The set {¢,(7)} can be orthonormalized
[ 6051677 = b (7
where "1" denotes Hermitian conjugation. Completeness of the set {¢,(7)} means that

S 6u(FILF) = 67 — 7). (®)

The symbol > it is necessary to interpret as Z;L + [ dn if index n numbers the eigen functions
belonging both discrete, and a continuous spectrum.

It is convenient to work in abstract vector space. This representation is named a
representation of bra (ket)- Dirac vectors [2], [3], [4], [5]. Using designations of the Dirac bra
(ket) - vectors ((7], (¢n|, |7), |Pn)), in such space one can constrict operators of projection
(projectors) P

(7 160} (6nl ©)
Then, for example, ¢n(F) is a projection of the vector |¢n) onto the vector |):
0.) = [ drii)(71o,) = [ dron ). (10
The equality (10) gives two following identities
[ =1 (1
> lda)(dnl =1, (12)

where I is unity operator. From the property of completeness (8) and the expression (12) the
following proof of orthonormality for the basis {|7*)} is ensued

7| = Z | 6n) %ﬂZ% (ML (F) = 67— ). (13)
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It is easy to prove that the operator Hy in this representation takes the matrix form (7| Ho|7):
iy = Pl = [ [ drar 7)ol (19)

and the Green function G(7,#'; z) can be considered as a matrix element of the operator G(z2):

Ce) = 1°6() = | [ arar ) (1Ga) )
E//QMﬂmeﬁmxm (15)

One can conclude from the expressions (14) and (15) that G(z), Hy are projectors in this
abstract space.
According to (14), (15) and (13) the equation (5) can be rewritten in the form

[Z — H(](F, Fl,FQ, .. )]G(F ' Z)

T =
= 2G(F, 7 2) — (I

Taking into account the expression (11), the equation (16) is rewritten in the operator form
[z — Hy)G(z) = 1. (17)
If all eigenstate of the operator are non-zero, the equation (17) can be solved formally as

m@_zj%. (18)

Multiplying (18) on the expression (12), we get

O on] = 37 122 (19)

n

Hence H is the hermitre operator, all its eigenvalues w,, are real. Therefore of Im 2z # 0, then
2z # wy. The last means that G(z) is an analytical function in complex Z-plane everywhere
except points sand intervals on real axis that correspond to eigenvalues of H.

Let us define z = w + 1e. Then the expression (19) gives two real functions

G (7, 7w )—h_r%G('r’ 7w+ 1€) Z i F)% (20)
G~ (F, ' w) = lim G(T, 7w — 1€) Z ujb_ sz”+ o (21)

Let us clarify the physical meaning of these functions. Let us finc the integral
o N
/_OO %e‘“tGJF(F, 7w+ e) = / et Z w¢— LG — (22)
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If one assumes t < 0 and choses a countour C; with counterclockwise direction that is close it
in upper semi-plane (Fig. 3a) then there are no poles inside C; and therefore the integral (23)
is equal to zero

’LZM F) 23
[ et S B e
If one assumes ¢ > 0, then integrand in (23) should be replaced on

n—ze)

Then, according to (24) phase of the integration variable z = pexp(1¢) is changed on 7 at
change t — —t, therefore for positive time interval we have the integral

/ —dpd[exp( (¢ + m))]e = Z KAGLIGN
0, 2

z— wn—ze)

= —/ —dpd[exp (19)]e*~ ZMZ On Fwn

o, 2T 2z — (wy, — 1€)
—2t ¢Z n
— had e 25
/02 or " zn:z—(wn—ze) (25)

where (5 is arbitrary contour with the clockwise direction. From that it follows that in
comparison with the case ¢ < 0 contour is closed in lower semi-plane is shown in in Fig.3b.
Therefore the poles are inside the contour and the integral (25) does not vanish. Thus we finally
get

dw _, ., dz
TEGH(F P w 4 1e) = O(t / e G , 26
| Greret e ot [ Feanie) (26)
where C' is an arbitrary contour with counterclockwise direction included poles of integrand in
the expression ().
In a similar way, using Fig.4, one can find the integral

dw —zwt =/, _ dZ —zzt — —»/
/ 5 G~ (r,r"w—1e) = 6( t)/ 5 ¢ G(r,r"; 2), (27)
where C' is an arbitrary contour with counterclockwise direction included poles of integrand
in the expression (27) as shown in in Fig. 4b. Comparing (26, 27) with (3), we conclude that
G (7, 7";w+1€) is the Laplace image of the retarded, and G~ (7, 7’; w —1€) is the Laplace image
of the advanced Green functions.

Let us place one part of the poles of the function G(z) using shifts on +u¢, whereas the
second part by shifts on —ue, as it is shown in Fig 5a. Then the poles of G(z, A\; — 1€, Ay —
1€, A3 + 1€, ..., A\, + 1€,) are inside integration contour for all ¢. Function G(z,\; — 1€, Ay —
1€, A3 + 1€, ..., A\, + 1€, ) is called the Laplace image of the causal Green function.

As one can see from Fig. 5 the difference of contours C7, Cs can be deformed to contour that
include the real axis ReZ. Therefore, at integration on C; — Cy one can omit shift of poles on
+e. Therefore the causal Green function G(r,7';t) can be written as

G 7':t) = — /C e ) (28)

—Cy 27T
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Fig. 3. Contour of integration for retarded Green function. (a) Integration contour for negative time
t, t <0. (b) (a) Integration contour for positive time

Im z
A
AHe  hHe|hHe \+e
X X [ X % Re z
~
-
>0
C2

Fig. 4. Integration contour for advanced Green function. (a) Integration contour for negative time

t, t <0. (b) (a) Integration contour for positive time

If we deform contours C, Cy in Fig. 5a in such a way that the resulting contour C includes
poles Az + 1€, ..., A\, + 1€, and contour C¥, obtained from Cs, includes the poles Aj, Ao, then the
causalfunction G(7,7’;t) can be expressed through functions G*:

G(7, 7' t) = —0(—t) / 42—t 7 — e)
C

;2T
1

—0(t) /C/ Z—;e_mG(F, 7oz 40e) = GH(F, 75 t) — G (7,75 t). (29)
V2

3. Evolution operator

Let us demonstrate that the expressions (28) and (29) are equivalent. With this goal invmind
we use the Sohotsky identity

lim = P— Fumd(z), (30)
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to find the difference of Laplace images of retarded and advanced Green functions. The the
Laplace images G*(7,7'; w) have the form

G*(7, 7 Pz(b () én(™ :Fz7rz¢ (7) P (7)) (w — wp) (31)

W — Wy,

yuc. 5. YOHTYD MHTEIPUPOBAHUs JUUIsl IPUYIUHHON (DYHKIMU +puHA. (a) YOHTYpa WHTErPUPOBAHMUSI
JUIST OTPUIATEIbHVX BpeMeH ¢, t < 0 u mojoxkuTeapuvx Bpemet t, ¢ > 0. (6) Contour of integration in
the case of poles position at real axis. Substituting (31) into (29), we get

G(F, ;1) = GHF, 7' t) — G~ (F, 7" 1)
© d
——2m [ SRS b~ w6 () = —1 3 e ().

(32)
Using the expressions (12), (19) and (32), one can easily show that the function G(7,7;t) is a
matrix element of the operator G(t), defined by the expression

G(t) = =Y e p) (¢n] = —1e™ ", (33)

n

Let us put t = to — ¢;. The the matrix form of the expression (33) gives the expression for the
Green function

Gt ta) = =0 3 {7l 2lgn) (e 0nl)
= —ZZ% 7ta) i (7 ty). (34)

Here in the right hand side of the expression (28) we change matrix element G(7,7'; 2) of
projective operator G(z) on operator itself G(z), given by the expression (18). Then using the
residue theorem at formal integration we obtain the projective operator

. d 1 )
Go(t) = —z/ e S —ge o, (35)
Co—y 2T z— Hy
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which coincides with (33). Therefore one concludes that the expressions (28) and (29) are
equivalent. But the advantage of the first expression (28) for the causal green function on
respect to the second one (29) for the same function is in symmetric entrance of space and time
coordinate into the first expression.

Let us shown that the projective operator

A

Ut —to) = et o — Gt — 1) (36)

is the projective operator of evolution. Indeed in the representation of bra- ket Dirac vectors
the function

6(1)) = Ut — t)|o(t) = e (1) (37)
satisfies the equation
1ol — [ drF ) 160) =0, h=1. (39

According to definition (14) the equation (38) describes the systems behaviour in coordinate
representation

{z% — ﬁO(F)] p(Ft)=0, h=1 (39)

But the equation (39) describes the evolution of a wave function in time. therefore the projective
operator of evolution U(t — ty) propagates |¢) from the time moment ¢y to the time moment ¢.

'~

Hence the projector U is the operator exponent it possesses important property

A~ A A

Ut —to) = U(t — t1)U(t1 — to), (40)

which allows to introduce the diagram technique in the following paragraph.

4. Diagram expansion for the Green function in representation of
projective operators. The case of an external field.

Let a system be subjected by time dependent external effect.
H,(7,t), is described by the equation (39).
Then the Hamiltonian of the system can be represented in the form

H(7,t) = Ho(7) + Hy (7 1), (41)

where Hy(7) is a Hamiltonian of the unperturbed system. In representation of interaction the
wave function is defined as

(7, t) = e otV (7 1), (42)

where ¢V () is a wave function ¢(7) in the representation of interaction. Substituting the
expressions (41), (42) into equation (39) and multiplying this equation from the left on
exp (1Hot), we get

ezflot Z% _ ]:IO(’F> _ Hl(ﬁ t) e—zﬁotgb\/(f" t) =0, h=1. (43)
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From (43) we find that in the representation of interaction the equation mpencrasiennn B3an-
MojieiicTust ypasHenue (39) gets the form

{z% — HY (7, t)] ¢V (Ft) =0, h=1, (44)

where H V' is defined by the expression
HY =etHof et p=1. (45)

Let perturbation H; (7,t) be small enough and the Green functionGgo) (7, ta; 71, t1) of non-
interacting system with a Hamiltonian ramuinsronnanom F[O(F) is known. Let us call this Green
function as a one-particle free Green function as the system with one degree of freedom is
considered.

Then in the representation of interaction in accord with formulae (36) and (44) the projective
operator G’Y(tl — t;—1) for the Green function which describes the signal propagation for the
infinitely small time interval At; and defined by the Hamiltonian H (t), can be represented in
the form of perturbation series expansion as

WGV (1 — tiy) = e V@A — (1 [TV (1) AL, (46)
Ati=t;—tiy=e—0, {; € {t;_1,t;}.

Using the property (40) of the evolution operator we rewrite the equation in the form (46):

1GY (b — i) = eI Ut D HE () — oG (1 — 1) 1GY (1 — 1)
= |1 —o(H ()AL + HY () Aty) — HY (6) At HY (t) Aty

—HY (t) At HY (8)AL|, At = Aty = € — 0.
(47)

Performing the above described procedure n times and performing n — oo, we get the projective
Green function which describes the signal propogation starting from time moment ¢g up to t;:

ZGY(tl —ty) = et 25t =t 1) HY (t))
- {1_2 / HY (t;)dt; — / / HY (t;)dt HY (tk)dtk—.,,] (48)

Now, using the transformation (45) and (42), we can turn back from the representation of
interaction into a standard one and find the projective Green function G(t; — ty) as:

@él(tl —ty) = e—l(tl—to)ﬁo _ Z/e—l(tl—ti)ﬁoﬁl (ti)e—l(ti—to)ﬁodti

- / / dt; dtpetHo T () e~ it Ho [T (Yo~ Htk—to)Ho _ (49)

Remarking that the expression {—zexp[—u(t; —t;)Hy|} is the projective Green function of a free
particle @50) (t; — t;), we finally find that

Gi(ti —to) = Gty — to) + /é§°><t1 — t)Hy (t) GO (t; — to)dt;
+//dti dt, GOt — ) Hy (8GOt — te)H (8) G (1 — to) + .. .. (50)
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Now we rewrite the expression (50) in matrix form
G1(71, 13 Fo, to) = GV (71, 13 o, o)
+/dﬁ dti G (7, s 75, ) Hy (7, 1) G (75 3 7o, o)
+//dﬁ‘ dt; dry dtx G (Fy, s 7 1) Hy (7, 1) G (7 s P, ) Hi (7 )

XGgo)(Fmtk;Fo,to) + ... (51)

Now we point out that the space and time variables are included into equation (51) in a
symmetric way. Then one can rewrite the equation (51) in a covariant form

~ ~

i = GO 4 GO Gy + GO EV LAY 4 (52)

where

H =I"H = / / dada’|#') (| Hy | 2) (z], (53)

//dxdx\x o' |Gy|z) (x| = //dmdm |G (7, ;7" ) (x|

Let us designate the free green function C;’go) by a solid line, perturbed Green function el by
a double solid line and perturbation H; by a pointed line. Then one can correspond a diagram
to the equation (52) as shown in Fig. 6.

In the form represented the perturbation H, (73, t;) is an external filed. Beside, the equation
(52) is precisely coincided in form with the Dyson-S equation if one rewrite it as

(54)

~ ~

G =a6" 4+ 6% C:?”, (55)
2 =060 + ¢ EG0H, + (56)

where ¥; is the self-energy operator. therefore the expansion (55) is the Dyson-Schwinger
equation for particles in an external filed.

A A A
H ) et
I I I
> = —> + >—L—> +o>—L1—> 4 -
81 (;1(0) G](w (;](0) (;]m) GI(O) Gl(w

Fig. 6. Diagram for calculation of the one-particle Green function Gy up to the second order on
external perturbation Hj.

5. Conclusion
Within the technique of projection operators we have offered the rigorous procedure to

construct diagrammatic expansions for operator Green functions. This allows us a propagator
of quantum system in external field.
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