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On products of arbitrary number
of Mueller matrices
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The general expressions for the products of arbitrary number of some known simple
Mueller matrices are obtained. It is proposed and used a general approach based on
introduction of special basis in space of the Stokes vector parameters and writing
Mueller matrices in appropriate block form.

PACS numbers: 03.50.De, 42.25.Ja
Keywords: Mueller matrices, light polarization

It is known (see [1-3]) that for description of the energetical and polarization characteristics
of the optical radiation the four-dimensional Stokes vector parameters

S:{LP17P27P3}

are used. The parameter I characterizes here the complete intensity of the radiation, P; -
predominantly horizontal polarization, P, - predominantly polarization at an angle of 45°, Py
- predominantly right-circular polarization.

The optical characteristics of the device (analyzer) which transforms the radiation are usually
described with help of the Mueller matrices connecting the Stokes parameters before and after
the passage of the light through the device.

In the simplest, so called ideal case the Mueller matrix characterizing an analyzer with
horizontal passage axis has the following form [1-3]:

1100
1{1100
5loo000 (1)

0000

In determining the Stokes parameters and Mueller matrices the space orientation of the
device is to be taken into account and the corresponding transition transformations from an
initial reference frame to another one are to be invoked.

Particularly, in the case when reference frame is rotated through the angle ¥ about the light
propagation direction the rotation matrix is defined in the form [1-3]

10 0 0
0Cy, S 0 _ ~
R=r)=[ ¢ % 20| R = R0 =R, ©)
00 0 1
where
Cy = cos 27, Sy = sin 24. (3)
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The Mueller matrix (1) under acting of the rotation matrix (2) is transformed as follows:

1 Cy Sy 0
1 Cy C2 38 0
M = M) :R(—ﬁ)M(O)R(ﬁ):§ 522 5252 523 2 o |- (4)

0 0 0 0

In following, it is convenient to pass to the special basis in the space of the Stokes vector
parameters, by introducing the following transformation (permutation) matrix:

1
0
0
0

After transition to the new basis and to the transformed Stokes vector S/ = PS =
{I, Py, P5, P}, the 44 matrices M(0) (1), R(¥) (2) M(¥) (4) take the easy-to calculations
block form

M® = M'(0) = PM(0)P = % (gﬁ gﬁ ) , (5)
R = R(¥) = PR(V)P = ([5 089)) . RT'W) = (62 00(19)) : (6)
M = M'(9) = PM(9)P = % (go Bg) 1)

Here the following notations for the related block 22-matrices are introduced (see (3)):
o-ow-(% %) ot—on-om-($ ) ©
#=(00) smor=(53). =mo=(§0) ©

Now let us consider the problem of construction of the resulting Mueller matrix M which
corresponds to the action of a series (product) of arbitrary number n of different matrice M;

M = M,M,_ ... M; ... MyM;,

taken in the form (7)

1/8 3 (i) o) . Q)
MZIM(&)=§<§ B%); @':(52 52 )7 @':(g(%') 8) (10)
i 1M 2

In the simplest case of the product of two such Mueller matrices My = M (¥5) My = M (9,)
(10) after elementary calculations we will have

MyM, = M(95)M(8y) = (50 Pa ) 1 (50 B ) _

2\ B2 Bofe ) 2\ B Gifh
_ 1 (@0 + BB B+ Babif ) 2 1 (@0 B ) (11)
4\ B2+ G221 B2 + BoB211 W2=00)9 \ By BB )’
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where is taken into account that (see (3), (9))

(60)2 = ﬁoa ﬂoﬁl = 617 5260 = BQ? ﬁZBl = 02(792*191)607

_ (12)

(14 B2f1)B” = (1 + C5Cy + 8555)3° = (1 + Cog,-9,))8° = 2CF, 9%
Cy = cos(20,), Sy = sin(20,), Cs = cos(204), Sy = sin(204), (19
13

Cog9,—9,) = cos[2(¥y — 1), Clo,—o,) = cos(g — Vy).
In similar manner we can also find the product of three matrices
MsMo My = M (03) M (02) M (91) = Coy,_9,,Cl, 9 )1 (@O P ) . (14)
SRR TR\ B Bsbh

It immediately follows the general expression for the product of n Mueller matrices M; =

M = MyM,_y ... My .. MoM; = M(9,)M (9n_1) ... M(3;) ... M(92)M(9;) =

— (2 C? C? 2 ok A (15)
= Y WnOn-) Y Onoa=nz) Y @i=tion) Yy \ GG og )

Since the Mueller matrices under consideration M (0) (5), as well as M (J) (10) are idempo-
tent M2(0) = M(0), M?(9) = M(9), the action of the product of n such identical matrices is
equivalent to the action of the one matrix alone. —

Now let us pass to the consideration of the non-ideal situation, particularly to the case of
the known Mueller matrix

1 0 q 0
o - [0V1I=¢20 0 . a p%
M° =7 g 0 1 0 =7 Pq o ) (17)
0 0 0 \/1—¢q?

which characterizes an analyzer with polarizing capacity ¢; and average passage coefficient 7;.
The block 2x2-matrices in (17) are defined as (see (3),(10))

1 0

af’ = 3 = 3. (19)

As above, let us to consider a problem of construction of of general expressions for products

where

MO = MOMO | ... MO ... MOMO = MO

n,n—1,...,%,...,2,1»

of the arbitrary number n of the Mueller matrices M? taken in the form (see (17),(18),(19))

o_ - a B%; (10 Y
Mi—ﬁ(ﬁoqi a; )7 O‘z—(ogi ) gi = 1 Qi' (2())

First of all, we find the explicit expressions for the products of two and three matrices M,
(20)

_ _ { agaq + BOM (g, ON(qo,
MS; = MSM{) =TT ( 25%)]\7(@2 ql()(h a) a2£1 +(g[2)]&1()% q1>) ) (21)
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Cci=1 Cci=2
M(go.q1) = o1 = > @iqj,  N(gz,q1) =2+ ¢ = Z E
i>7
_ + 8°M (g3, q2,q1)  B°N(gs,q2,q1)
MO — MOMOM — Q3o ) ) 9 ) 29
321 32 = 7T 50N(Q3, qz, Ch) Q3ray + 50M(Q37 G2, Q1) ( )
C2=3 Ci=3 Cc3=1
M(gs,q2.01) = > aigj.  N(gs, @) = Y ai+ Y Gy
i>7 i i>j>k

Hence, it is easy to conclude that the general expression for the product of arbitrary number
n of the different Mueller matrices Ny (20) may be written in the following compact form

Mg,n—l ..... .21 — Mng?—l Mz'o MzoM{) =

- — — - = Annfl Ty.0,2,1 Bnnfl 1y..,2,1
:7—7—_ .‘.7—‘.‘.7—7— PR AR A S AR ] 9 PRt AR A AR bl , 23
nin—l ! 21 (Bn,nl ..... By..y2,1 An,nfl ..... Ty.ey2,1 ( )

An,n—l ..... 62,1 = QpQp_1...04...00000 + 60M(Qn7 Gn—1, -5 Qiy -+, Q2Q1),
M(Q’rw Gn—1, -5 4iy -+, 42, (11) - Z qiq; + Z 49941 + ceey
i>7 i>7>k>1
Bn,n—l ..... i,...,2,1 — ﬁON(Qn>Qn—17-'-aQia"'aq2q1)7
N(Gn, Gn—1s - Gis s ©21) = Z%’ + Z 7iqjqk + -
i i>j>k
By putting

7_—i - 7__7 qg;i = ¢, Q; = «Q, (24>

i.e. by passing to the case of identical Mueller matrices M?(q;) = M°(q) (20) we obtain more
simple expressions for products of 2, 3 and n matrices under consideration:

0 o’ + 3% §°(2q)
(M°)? = (7)? ( 3(2q) a2+ﬁ0q2)’ (25)

0 0 3
0 = 0 (Gt o) ) ) (26)
n 02,2 4.4 0(11 3q3
0y = @ (et e GO DG ) e

The situation turns out to be more complicate in the case when the initial Mueller matrices
MY? = M;(0) (20) are transformed with help of the rotation matrices R; = R(v;) (6) and, as a
result, take the form:

(1,0 o g I, 0 - a Big
:T(O2 0(191)) (ﬂoqi a; ) <02 O(ﬁﬂ) :T(Bi% Vi )7 (28)

where the additional notations are introduced (see (3), (9), (18), (19))

~ C«(i)2 C(i)s(i) S(i)2 _S(i)c(i) N -
v; = OO = 20 (5 2o 2 + 2 ) i g 2| 9 = Bibi + 0i0igs,
( 3y 5y -cy' sy o )
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(=S ey s (=80
5’_(0 A e o)

For simplicity, we shall restrict our consideration to the case when the all initial different
Mueller matrices M = M;(0) (28) are transformed with help of the one and the same rotation
matrix R(J) (6).

As a result, for the product of n transformed different Mueller matrices(28)(see(29))

M; = M;(¥) = R(—9)M°R(9) = # ( ;‘ql 67 @ ) , %= BB+ g, (30)

we can, by taking into account that, by definition, R™'R = R(—VY)R(J) = R(V)R(—0) =
RR™' = I, write
M (9)My—1(0) ... M;(0) ... Ma(9)M1(9) =

= R(—0)(MOM°_,..M?...MIMR(V), (31)

where the expression under transformation, M2M?° | ...M?...MIM?, is defined by the above
obtained general formula (23).
After corresponding calculations for the products of 2,3 and n Mueller matrices (30) we find

MMy = My(9) My (V) = R(_ﬁ)MzoMPR(ﬁ) =
0 0
= R(-7) {7271 ( OCQ%%)(;&Q;S Ole (jzzﬁj;q(il;l ) } R(Y) = (32)

- (aqu+ﬂOQ2q1 B+ a) )
2 Blaz +q1) BB+ qaqr) +65gagr )’

MsMyMy = Ms(9) My (9) My (9) = R(—9) Mg My M R(9) =
— R ( Q30 + B3OM(q3q21) ~ BN (a3, G2, q1) . )
BN (g3, q2, 1) BB+ M(qs,q2,q1)] + 00939201 )’
M(q3,q2,01) = 392 + @301 + @241, N(gs,q2:q1) = @3 + @2 + @1 + @39201.
My (9) My 1(9) .. My(9) .. Ma(9) My (9) =

/
An,nfl ..... %,..,2,1 Bn,nfl ..... 1,..,2,1 )
’

1 !
Bloni, 21 A 121

(33)

= TuT(n—1)---Ti-TaT1 <

ﬁN( n7Q’n—17"'aqia"'7q27q1)7 (34>

BN(Qan—lw--»q@‘a--'7(127(]1);
o1 = O Apn 1, i 21000) =

nn—1,...,4,...,

= Bﬁ[l + M(QTM dn—1y -5 45, ---, 42, QI)]+
—i—gégngn_l...gi...gle.

In more simple case of products of identical Mueller matrices(30), transformed with help of
the one and the same rotation matrix R(¢J) (6), in correspondence with (32), (33), (34) and
(25), (26), (27), we can immediately write

o’ + 3% B(2q)

M) = (7 ( o 5592) , (35)
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T+ 3°3¢%) BBa+q’)
M 19 3 — (7 3 O{~ ,, ~ 36
o) = o () ) ) )
_ a+ B(C2P +Cig* +...) B(Clq+C3¢2+ ..)
M = N n n N n n - .
(ME)" = (7) ( B(Clq+ C3¢® + ) BB(1+ C2¢ + Clg* + ...) + 00g" (37)
Finally, let us consider a limiting case when polarizing capacity of the device ¢; is very small
and we can put g; = /1 — ¢? — 1.
Then the Mueller matrix (30) in this approximation takes the form (a; — Io,v; — I5)
(L B )
Mi =M iy 197, = 2 ) 38
o =n( 2 (39)

and for the product of arbitrary number of different matrices (40) transformed with help of
different rotation matrices (6) in the first order approximation with respect to the small pa-
rameters ¢; we can obtain the following simple expression:

My (9,) M1 (9, — 1) oo My(9;) ... My(Pe)M;(01) =
o _ __ (I > Bigs
= TnTpn—1..-T;...T2T1 (Z? quZ I2 .
Here, naturally, the all products of small parameters ¢; are neglected.

Particularly, in the case when the all Mueller matrices (38) in the product (39) are obtained
with help of the one and the same rotation matrix (6) (see (24)) we will have

(39)

Moy (9) M1 (8) ... My(9) .. Ma(9)M,(0) =

_ (DL B3 a
= TaTn_1.--Ti-- T2 | = .
nin—1 7 21(BZ?Q'LI2
Thus, the action of the product (40) of n Mueller matrices (38) taken in the approximation
under consideration turns out to be equivalent (up to products of the passage coefficients 7;)
to the action of the one separate matrix (38) alone with polarizing capacity equal to the Y . ¢;
i.e, to the sum of capacities ¢; of the all Mueller matrices in (40).
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