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On parametrization of some sub-groups
of the unitary group SU(4)

A.A. Bogush,* V.M. Red’kov, and N.G. Tokarevskaya
Institute of Physics, National Academy of Sciences of Belarus
Nezalezhnasti avenue, 68, Minsk, 220072, Belarus

Parametrization of 4 x4 — matrices G of the complex linear group GL(4.C') in terms
of four complex vector-parameters G = G(k, m,n,l) is investigated. Additional re-
strictions separating some sub-groups of GL(4.C') are given explicitly. In the given
parametrization, the problem of inverting any 4 x4 matrix G is solved. Expression for
determinant of any matrix G is found: det G = F'(k, m,n,[). Unitarity conditions in
the theory of 4 x 4-matrices on the base of complex vector parametrization in the the-
ory of the group GL(4.C) is investigated. Unitarity conditions have been formulated
in the form of non-linear cubic algebraic equations including complex conjugation.
Two simplest types of solutions have been constructed: 1-parametric Abelian sub-
group Gg of 4 x 4 unitary matrices; three 2-parametric sub-groups G1,Go, G3; one
4-parametric unitary sub-group. Curvilinear coordinates to cover these sub-groups
have been found.

PACS numbers: 02.20.Hj, 11.30.-j
Keywords: Dirac matrices, unitary group

1.  On parameters of inverse transformations G € GL(4.C)

Arbitrary 4 x 4 matrix G € GL(4.C) can be decomposed in terms of 16 Dirac algebra basis:

G=AI+iBy4+id+' 4+ B 'Y + Frn Opn (1)
a_ b b.a __ ab 5 - 0.1.2_3
VA =29, Y=y
a 1 a a a 3
o == (" =", ¢* =diag(+1,-1,—1,-1). (2)

4
Taking 16 coefficients A, B, A;, B, F,,,, as independent parameters in the group GL(4.C):
G e GL(4C) : G:G(A,B,AZ,BZ,an) .
one can establish the corresponding multiplication law for these parameters [1, 2] :
G'=A T+iB ° +id)~' + B/ + F oon
G=AI+iB~° +iA ' + B v'Y° + Fon O
G'G = A" ]—I—iB” ’75+’i 2/ ’Yl‘f'Bl” ’YI’YS+FT/:L” T »
< (AI7 BI? Agv Bl/7 Féln% (A7 87 Al7 Bl7 an) > = (A/lu B//7 A?? Bl//7 F#Ln) )
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where
1
A”:A’A—B’B—A;AZ—BZ’Bl—EF,gl e
1
BAHWB+EA+4BhJ%A+ZﬂmﬂMmM,
Al =A A —B B+ A/ A+ B B+ A"Fy, +
1 1
+E/kAk+§BI; an € kmn+§F¢/nn Bk € mnk’
B =A B +B A —AB+DB A+ B* F, +
1 1
+E/k Bk—f— 5 A;f an Ekmnl + 5 F;rm Ak; Emnkl7
' =A Fp,+F., A— (A A,—A A, — (B, B,— B, B,)+
1 1
+A; Bk Elkmn - Bl/ Ak EIkmn + 5 B/ Fkl Ekl mn + 5 Flil B Ekl mn +

The latter formulas are correct in any basis for Dirac matrices. Below we will use mainly
Weyl spinor basis:

a

0 &
=160 0 +I (4)

I e R
With this choice, let us make 3+1 - splitting in all the formulas: in so doing we arrive at the
formulas

ko—Fk& no—n5

GeGLMAC), G= . (5)

—lo -1 mo —1m o
where complex 4-vector parameters (k, [, m,n) are defined by [1]:

kJOZA—iB, kj:aj—ibj m0:A+zB, mj:aj+ibj.
lozBo—iAo, lj:Bj—iAj, nngo+iA0, n]:BJ—l—ZA] (6)

In such parameters (5), the composition rule (3) will look as follows:

(k:",m”;n",l”) _ (k’,m’;n',l')(k‘,m;n,l);
ky =kyko+k k—nglog+n'l,
K'=kyk+K k+ik'xk—ngl+n'lp+in x1,
myg =mymo+m' m—1Ijny+1n,
m’'=mim+m'my—im' xm-—[gn+1n—il' xn,
ng =kono — k' n—+nyme+n'm,
n"=kn-kn+ik'xn+nym+n my—in xm,
lo=1ko+1k+myly—m'l,

'=1k+1Vko+il' xk+migl—m'lp—im’'x1. (7)

These formulas are correct for any matrices of GL(4.C'). They can be looked as generalization

for Fedorov’s method of the vector parametrization in the theory of the Lorentz group [3] for
the case of GL(4.C') group.
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Now let us turn to the main task: at given G = G(k, m,n, 1) one should find parameters of
the inverse matrix:

G lt=GWK,m' n ). (8)
In other words, starting from
+(k’0 —+ kg) +(k1 — 21{32) +(n0 — n3) —(n1 — an)
+(ky +ike) +(ko —k3)  —(n1+in2) +(no+n3) (9)
—(l() + l3) —<l1 — Zlg) +(m0 — mg) —(m1 — ’ng) ’
—(ll -+ Zlg) —(lo — l3> —(m1 + ZmQ) +(m0 —+ m3>
one should calculate parameters of the inverse matrix
A Aoy Az Ap
Arg Agp Azy Ago

Az Agg Asg Ays |’
Ay Ay Asy Ay

D = det (G stands for determinant of G. The problem turns to be rather complicated, the final
result is ( the notation is used: (mn) = mgong — miny — mang — mang, and so on.):

G(k,m,n,l) =

G'=D" (10)

k=D [ ko (mm) +mo (In) + Iy (nm) —no(Im) +41(m xn) ],
k' =D [~k (mm)—m(In) —1(nm) +n(lm) +21x (nxm) +
+imo(n x1) +ilp(n xm)+ing(l xm)],
D7 [ ko (In) +mq (kk) — lo(kn) +no lk) +in(I1xk)],
Y[~k (In) —m (kk) +1(kn) —n (kl) + 2nx (1xk) +
+ing (kx)+ilg(kxn)+iky(nx1)],
I, =D [ +ko (ml) —mg (kl) — Iy (km) —no (I1) +im (1 x k)]
'=D""[+k (ml) —m (kI) =1 (km) —n (II) +2m x (k x1) +
+imo(Ixk)+iko(Ixm)+ily(mxk)],
D' [ —ko (nm) +mg (kn) — Iy (nn) — ng (km) + ik (m x n) ],
=D ' [~k (nm)+m (kn) —1(nn) —n (km) + 2k x (m x n) +
+ iko (m X n) +imy (k X n) +inyg (m x k) | . (11)

/_
my =
m' = D~

)
/ p—
0 =

Substituting eqs. (11) into equation G™'G = I one arrives at
D=ki=kiky+kk—nylp+n'l,
0=k =k k+Kk+ik xk—n)l+nlp+in x1,
D=mig=mymo+m' m—1Iyny+1n,
O=m"=mym+m' my—im' xm—[ljn+1ny—il' xn,
0=ny=kino—k n+nymo+n"m,
O=n"=kn—-kKny+ik'xn+nym+n"my—in xm,
0=1Iy=1I ko+ 1 k+mylg—m'l,
0=1"=0k+Vk+il'xk+mygl—m'ly—im’ x1.
After calculation, one can prove these identities and find an explicit form for D:
D = det G(k,m,n,l) =
= (kk) (mm) + (II) (nn) + 2 (mk) (In) + 2 (Ik) (nm) — 2 (nk) (Im) +
2i[kolmxn) + mok(nx1) + lpk(n xm) + nollmx k)] +
+4(kn) (ml) — 4(km) (nl) . (12)

Let us specify several more simple sub-groups.
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Variant A

Let all 0-components are real-valued, and all 3-vectors are imaginary. Performing in (7) the
formal change

k=1k, m-=—im, l=—:il, n—-1in,
k’o—i—Zk& no—iH5
G = , (13)

the rule (7) for 16 real variables looks as follows

K=k ko — K k—n)lo—n'l,
K'=kjk+kK ko— kKxk—njl+n'lp— n x1,
my =mymo—m' m—1Iyng—1n,
m’"=mim+m' my+ m'xm—[{n+1n+ 1 xn,
ng =kyno+k n+njmyg—n'm,
n"=kn-kn— k'xn+nym-+n"my+ n xm,
ly =1 ko—Vk+mylg+m'l,

=0 k+1'ky— I'xk+mygl—m'lp+m'x1. (14)

Correspondingly, expression for determinant (12) becomes
D = [kk] [mm] + [lI] [nn] 4+ 2 [mk] [In] + 2 [Ik] [nm] — 2 [nk] [Im] +

+2 [kol(lm xn) + myk(nx1) + [pk(nxm) + ngl(mxk)]| +
+4(kn) (ml) — 4(km) (nl) ; (15)

where the notation is used: [ab] = agag + a1a; + asas + azas.
Variant B

Equations (7) permit the following restrictions:

me =k | lo=n', (16)

a

and egs. (7)) become

ky = ko ko +k' 'k —ngni+n'n*,
K'=kyk+kK ky+ik'xk—nygn*+n' nj+in’ xn*,
ng =kyno—k' n+nj ky +n' k¥,
n"=kin—-kKny+ik'xn+nyk"+n' ki —in xk*. (17)

Determinant D is given by
D = (kk) (kk)* + (nn)* (nn) + 2 (K*k) (n"n) + 2 (n*k) (nk™) — 2 (nk) (nk)*

+2i[kok"(nxn*) — kj k(n* xn) + nyn(k xk*) — nyn*(k* x k)

_|_
] +
+4(kn) (k*n*) — 4(kk") (nn") .

(18)
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Variant C
In (13) one can impose additional restrictions:
m[):ko, loznO, m:—k, l:—Il7
at this G(ko, k, ng,n) looks
and composition rule is
ky = ky ko — kK k—ngng+n'n,
K'=kyk+k ky— k' xk+nyn+n'ng+ n xn,
ng =kono+k n+nyky+n' k,
n=kn—-kn — kxn—nyk+n'k— n xk.
Determinant equals to
det G = [kk] [kk] + [nn] [nn] +
2 (kk) (nn) + 2 (nk) (nk) — 2 [nk] [nk]) +
+4(kn) (kn) — 4(kk) (nn) .
Variant D

There exist one other sub-group defined by
(ko +k &) 0
ne =20, l,=0, G = ,
0 (mo —1m O_")

the composition law (7) becomes most simple:
ky = ki ko + k' k| K'=kyk+k k+ik' xk,
mg=mygmo+m' m, m’"=mim+m’'mg—im’ xm.

as well as determinant D:

det G = (kk) (mm) .

(19)

(20)

(21)

(22)

(23)

(24)

(25)

If one additionally imposes two requirements (kk) = +1, (mm) = +1, the case D describes
spinor covering for special complex rotation group SO(4.C'); this case was considered in detail

in [1].

It should be noted that expression (12) for determinant can be transformed to the mores

short form

det G = (kk) (mm) + (nn) (1) + 2 [kn] [ml] —
—2(kon+nok—ikxn)(mol+lom+imxl),

which for threes cases A, B, C becomes simpler:

(A) : det G = [kk] [mm] + [nn] [lI] + 2 (kn) (ml) +

+2 (kon+nok+kxn)(myl+lym—-—mxl),

(B) : det G = (kk) (K*k™) + (nn) (n"n*) + 2 [kn] [k™n] —
—2(kon+nok—ikxn)(kyn"+njk"+ik*xn"),

(C) : det G = [kk]> 4+ [nn)* +2 (kn)? —2 (kgn+nok +k xn)?.
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2. Unitarity condition

Now let us turn to considering the unitary group SU(4). One should specify the requirement
of unitarity G* = G~! in vector parametrization. Taking into account the formulas

K+ K& nj—n'é

Y

k0+k5 no—nﬁ
—10—15 mo—mé’

* * =2 * * =2
ng —n*oc mg—m*o

G:

o

Y

—ly—1Yo my —m'c
which can be represented differently:

G = G<k07 ku mo, 11 Np, 1, l07 l)a
Gt = G(k§, k5 m§, m*; =I5, I*, —ng, n*), (28)

G = G(k}, X; my, m’; nj, o', I, 1).
Therefore, relation G* = G~! is equivalent to the system of equations:
ki = ky k*=k, my = my , m* =m'’
=I5 =nyg, I*=n' —nj=1, n =1 (29)

With the use of expression for parameters of the inverse matrix with additional restriction
det G = +1; from (29) it follows

ki = +ko(mm) +mo(ln) +lo(nm) —ne(lm) +il(m x n),

mg = +mo(kk) +ko(nl) +no(lk) —lo(nk) —in(k x 1),

k* = —k(mm) — m(ln) — 1(nm) + n(lm) + 21 X (n x m) +

+imo(n x 1) 4+ ilp(n x m) + ing(l x m),

m* = —m(kk) — k(nl) — n(lk) + 1(nk) +2n x (I x k) —

—iko(l x n) —ing(l x k) —ilp(n x k) ,

I = +ko(nm) —mo(kn) +lp(nn) +ne(km) +ik(n x m) ,

ng = +mo(lk) —ko(ml) +no(ll) +lo(mk) —im(1x k),

1" = —k(nm) + m(kn) — 1(nn) — n(km) 4+ 2k x (m x n) +

+iko(m x n) + imo(k x n) +ing(m x k) ,

n* = —m(kl) + k(ml) — n(ll) — I(mk) + 2m x (k x 1) —img(k x 1) —
—iko(m x 1) — ily(k x m). (30)

Thus, the known form for parameters of the inverse matrix G—! have made possible to write
easily relations (30) representing the unitarity condition. Here there are 16 equations for 16
variables; evidently, they all are not independent. Let us write down several more simple
variants.

Variant A
With formal change

k=—ik, m=im, l=il, n=>in, (31)
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from (30) it follows

ko = +ko[mm] +mg[ln] +lo[nm] —ne[lm] +1(m x n) ,

= +molkk] +kolnl] +nollk] —lo[nk] —m(k x1),

k = k[mm| 4+ m[ln| 4+ l[nm]| — n[lm] + 21 X (n x m) +

+mo(n X 1) + lo(n x m) + ng(l x m) ,

m = +mlkk] + k[nl] + n[lk] —1[nk] +2n x (1 x k) —

—ko(l xn) —np(l x k) — lp(n x k) ,

lo = +ko[nm] —mglkn] +lp[nn] +nglkm] +k(n x m) ,

no = +mg[lk] —ko[ml] +nolll] +lp[mk] —m(1 x k),

1 = +k[nm| — m[kn] + 1[nn] + n[km] + 2k X (m x n) +

+ko(m x n) +mo(k x n) +no(m x k) ,

n = +mlkl] — k[ml] + n[ll] + 1mk] 4+ 2m x (k x 1) —
—mo(k x 1) — ko(m x 1) — lo(k x m). (32)

mo

Here there are 16 equations for 16 real-valued variables.

Variant B
Let
mo = kg , m = k", lo=ng, l=n",
kozmg, k:m*, n():lé, n:l*, (33)

or symbolically m = k* | [ = n*. Unitarity relations become

ky = +ko(K*E") + kj(n*n) + ng(nk™) — no(n*k*) +in*(k* x n) ,

k* = —k(k"k*) — k*(n"n) — n*(nk™) + n(n"k*) +

+2n* x (n x k*) + iky(n x n*) +ing(n x kK*) +ing(l x m) ,

ng = +ks(n*k) — ko(k*n*) + no(n*n*) + ni(k*k) — ik™(n* x k) ,

n* = —k*(kn*) + k(k*n*) — n(n*n*) — n*(k*k) +
X

+2k* x (k x n*) —ik{(k x n*) — iko(k* x n*) —inj(k x k*) , (34)

and 8 conjugated ones
ko = +ki(kk) +ko(nn*) +no(n*k) —nj(nk) —in(k x n*) ,
k = —k*(kk) — k(nn*) — n(n*k) + n*(nk) +
+2n x (n* x k) —iko(n* x n) —ing(n* x k) —inj(n x k) ,
no = +ko(nk*) — ki(kn) + ng(nn) + no(kk™) + ik(n x k*) |
n = —k(nk*) + k*(kn) — n*(nn) — n(kk*) +
+2k x (k* x n) + iko(k* x n) + ik (k x n) +ing(k* x k). (35)

It may be noted that latter relations are greatly simplified when n =0 , or when k£ = 0. In
the firs place, let us consider the case n = 0:

ky = +ko(E*E") k* = —k(k"k") . (36)
Taking in mind the identity

det G = (kk) (kk)* =41, =  (kk)=+1,  (kk)"=+1.
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we arrive at kj = +ko, k* = —k . In has sense to introduce the real-valued vector c,:
k8:+kQICo, k*=-k: k:?:C, (37)

then matrix G is

Gk,m =k, 0,00= | 777 . O ~sue). (38)
Another possibility is realized when k = 0, then
ng = +no(nn)* , n* = —n(nn)" . (39)
With the use of identity
det G = (nn) (nn)* = +1, = (nn) = +1, (nn)" = +1,
we get
ng = +no = ¢o , n"=-n, n=ic (40)

Corresponding matrices G/(0,0,n,l = n*) make up special set of unitary matrices

0 —(CQ—iC5)
(Co—f—iCC_f) 0

0 co—icé'

C=1 _(+icd) 0

, G = (41)

However, it must be noted that these matrices (41) do not privide us with any sub-group
because we have only

GtG=1, G*=1: = Gt=G"1=-G. (42)
Variant C
Now in egs. (31) one should take
mo = ko , lo =m0, m=—k, l=—n, (43)
then

ko = +ko[kk] + ko(nn) + no(nk) — ng[nk] ,
k = k[kk] — k(nn) — n(nk) — n[nk| 4+ 2n x (n x k) ,
ng = +ko(nk) — kolkn| + no[nn| + no(kk) ,

n = —k(kn) — k[kn] + n[nn] — n(kk) + 2k x (k x n) . (44)

3. 2-parametric sub-groups in SU(4)
To be certain in correctness of the above produced equations of unitarity, one should try to

solve them at least in several most simple particular cases. For instance, let us specify equations
(44) for transformations from sub-group Gy, that is when k = (ko, k1,0,0) , n = (ng,n1,0,0):

ko = +ko[kk] + ko(nn) + no(nk) — no[nk| ,
ki = +ki[kk] — k1(nn) — ny(nk) — ny[nk] ,
ng = +ko(nk) — kolkn] + no[nn] + no(kk) ,
ny = —ki(kn) — ky[kn] + ny[nn| — nq(kk) . (45)

38



On parametrization of some sub-groups of the unitary group SU(4)

Here there are four non-linear equations for four real variables. It may be noted that eqs. (2.1)
can be looked as two eigen-value problems in two dimensional space (with eigen-value +1):

W%+%%ﬂ+%ﬂw%

—2n1k1 ko o 0 (46)
The determinants in both problems must be equated to zero:
(kg +mng) — 1" = (kf —ni)* —dniki =0, [k +ni) — 1] = (k§ — ng)* — dnghs =0,
or

(kg +ng) = 1* = (k{ +n3)* =0, [(k] +nf) — 1] = (kg +ng)* = 0. (48)
The latter equations may be rewritten in factorized form:

[(k§ +ng) —1— (k7 +n)] [(k§ +nd) — 1+ (k7 +n})] =0
[(k} +n3) —1— (k§ +n)] [(k§ +n7) — 1+ (k§ +nd)] =0

(49)
They have the structure: AC' =0, BC = 0. There arise four different cases.
(1) Let C' =0, then
ko +ng+ki+ni=+1. (50)
(2) Now, let A =0, B =0, but a contradiction arises: A+ B =0, A+ B=-2.
(3)-(4) There are two simples cases:
A=0,0=0: k3+ni=1k=0mn=0; (51)
B=0,C=0: k24 n2 =1,k =0,n=0;

Evidently, (51) and (52) can be looked as particular cases of the above variant (50). Now, one
should take into account additional relation det G = +1

det G = [kk| [kk] + [nn] [nn] + 2 (kk) (nn) +
+ 2 (nk) (nk) — 2 [nk| [nk]) + 4(kn) (kn) — 4(kk) (nn) ,

which can be transformed to

det G = (k3 + ki +ng +n?)? — 4(king + konp)? = +1. (53)
Both egs. (50) and (53) are to be satisfied:

{(k§+n§+k%+n§):1,

(54)
(k‘g -+ k}% -+ ng -+ ?”L%)Q —1- 4(k:1n0 + /{70714)2 =0 ]
from where it follows

king + kony =0, ko +ng+ kT +n =41,

(55)
they specify a 2-parametric unitary sub-group in SU(4):
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Variant ( :
G =Gt det G, = +1,
]€0 Zkl o —’inl
; 1 ~ 1
G = ko+ikio" ng—ingo | ik .ko —iny no | (56)
—MNyo + 1 n1 0'1 k’() ‘l‘Z ]{?1 0'1 —‘no mn ko Zkl
my —nNo Zkl ko
Two analogous examples are possible:
Variant () :
Gy =Gy, det Go = +1,
kong + kong = 0, kg +ng + k3 +n3 = +1 ,
k’o kg Ng —N2
- 2 o 2
G, — ko+ikeo” ng—ingo _ “ky ko 7Ty Mo | (57)
—ng+ing 0 ko+iky o —no na koo ky
—Ng —MNy —k’g ko
Variant (s
Gi =G5t det G5 = +1,
ksng + kons = 0, k3 +ng + k3 +n3 = +1,
(k‘o + Zkg) 0 (n() - ing) 0
0 ko — ik 0 ng +1in
Gy = om0 ) (58
—(ng — in3) 0 (ko + iks) 0
0 —(no + m3) 0 (]{70 — Zk'3)
Let us consider the latter subgroup in some details. The multiplication law for parameters is
k’g:k’é k’o—k’é kg—n{)no+ngn3, k’g:k’é k’g—i—k’g k0+n6n3+n§n0,
ng = ki no + ki ng + ng ko + nj ks ny = ki ng — ki ng — ng ks +nj ko . (59)

These formulas for two particular cases — see (51) and (52)) give

(GO} k3+n3=1, ko =0, ng =0,
ky = —ki ks +nf ng ki =0, (60)
ng = +ki ng +nh ks, ny =0,
{G} - K+ni=1, k3=0, ng=0,
ky = k{ ko — ng no (61)

"o 1. !/

Therefore, multiplying any two elements from G35 does not lead us to any element from G-,
instead belonging to G%: GY G} € G° . Similar result would be achieved for G; and Gy:
GYGY ¢ G, GY GY € G°. In the sub-group given by (61) one can easily see the
structure of the 1-parametric Abelian group:

ko = cos a ng = sina ,
cos o 0 sinae 0
0 0 CcoS o 0 sina
G’(a) = ' , a €0, 27 . (62)
—sina 0 cosae 0
0 —sina 0  cosa
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In the same manner, similar curvilinear parametrization can be readily produced for 2-
parametric groups (56)-(58). For definiteness, for sub-group Gs such coordinates are given
by

ko = cosacosp , ks = cosasinp ,
Ny = sinacos p | —n3 =sinasinp, «a€ [0, 27|, (63)
and matrix G5 is
cos o e 0 sin v e 0
Ga ) 0 cosa e 0 sino e (64)
3P, ) = . . . . 64
—sina e 0 cos a e 0
0 —sina e 0 cosa e

One may note that eq. (64) at p = 0 will coincide with G°(«) in (62): G3(p = 0,a) = G°(a) .
Similar curvilinear parametrization may be introduced for two other sub-groups, GG; and Gs.

One could try to obtain more general result just changing real valued curvilinear coordinates
on complex. However it is easily verified that it is not the case: through that change though
there arise sub-groups but they are not unitary. Indeed, let the matrix (2.16) be complex: then
unitarity condition gives

cosacosa’ +sinasina® =1, —cosasina® +sinacosa® =0 . (65)

These two equations can be satisfied only by a real valued a. In the same manner, the the
formal change G, Gy, G3 = G¢,GY,GY again provides us with non-unitary sub-groups.

4. 4-parametric solution of the unitarity condition

Let us turn again to the sub-group in GL(4.C') given by

ko+ ko ng—mnéo

G = —lg—16 mg—ma |’ (66)
when the unitarity equation look as follows:
k0:+k0[kk]+ko(nn)+no( )—no[ k] ,
= +ko(nk) — ko[kn] + no[nn] + no(kk) ,
k = k[kk] — k(nn) — n(nk) — n[nk| 4+ 2n x (n x k) ,
n = —k(kn) — k[kn| + njnn| — n(kk) + 2k x (k x n) . (67)
They can be rewritten as for eigen-value problems:
[kk] + (nn) (nk) —[nk] || ko | ko
(nk) — [nk] (kk)+ [nn] || no| (+1) ng | (68)
+([k] — [nn]) o) [k | |k
2k) (k] — o) || |~ |
+([kk] — [nn]) —2(nk) | | k2 | ko
2uk) (k] — o) || |~ e
+([kk] — [nn]) 2(nk) B ks
k) (kK] — o] ‘ ~t, ‘ o
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These equations have the same structure
AC||Z;
C B||Z

Zy
Zy

2

Y

where A = +1. Non-trivial solutions may exist only if

A-X C

det‘ O B—)

-e.

which gives two different eigen values

A+ B+ /(A— B)?+4C?
A\ = Ao

A+ B+ /(A-B)?+4C?

2 ’ 2

In explicit form, eqs. the problem (68) looks as follows:

AC||ko| |ko
C B No Un ’
A= (kg +ng) + (K" —n?) |
B = (kj +n3) — (k* —n?), C=-2kn,

A= (k2 +n2) + (k2 —n2)2 + 4(kn)?
Ay = (k§ +ng) — /(K2 — )2 + 4(kn)? .

The eigen-value A = +1 might be constructed in two ways:

M=+1, k+ni=1-+(k2—n2)?+4(kn)?,
Ao=+1, E+n2=1+/(k?—n2)2+4(kn)?.

These two relations (74) are equivalent to
(1 —k§ —nd)? = (k> —n?)* + 4(kn)? .
Thus, the problem (73) has two different types (see (73)):
Type I : (A=1)ko+C ng=0, Cko+(B—1)ny=0,

2 n2=1— /(K 0?2+ 4(kn)?
kg +ng < +1, (k> —n*)* 4+ 4(kn)* < +1;

Type IT : (A=1)ko+C ng=0, Cko+(B—1)ny=0,
k2 +n2=1++/(k? —n2)2 +4(kn)?

k3 +nd > +1.

Now let us turn to egs. (69). They have the form

A C || k| ||k .
’C—A n; =A | 1=1,2,3,
A=k +k*—nl—n*, B=-A, C' = —2(kono — kn) ,

A =+ (B 412 — nd — n2)? + 4(kony — kn)?

Ay = —\/(k’g + k2 — n2 — n?)2 + 4(kony — kn)? .
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Because we are interested only in positive eigen-value |lambda = +1, we must use only one
possibility A = +1 = Ay, so that

(A-1)k+C n=0, Ck—(A+1)n=0, (78)
1= (k§ +k* — nj —n*)* + 4(kono — kn)? .
Vector condition in (78) say that k and n are (anti) collinear:
k=Ke, n=Ne, el=1,e€eS,; (79)
so that (78) give
(A-1)K+C N=0, CK-(A+1)N=0,

1= (ki + K*—nl — N*)? + 4(kgnog — KN)?, (80)
A=ki+K*—ni—N?*, C=—2(kng— KN) .
With notation (79), eqgs. (75) — (76) take the form
Type I : (A=1)ko+C nog=0,
Ckiy+(B—=1)ny=0,
k2+nd=1—(K*+ N?), (81)
Type 11 : (A=1)ko+C ny=0,
Cko+(B—1)nyg=0,
ko +ng =1+ (K*+N?), (82)
where

A=(ki+nd)+(K*-~N?*, B=(kji+nl)—(K*-N?*, C=-2KN. (83)

Therefore, we have 8 variables e, kg, ng, K, N and the set of equations, (80 — (83) for
them. Its solving turns to be rather involving, so let us formulate only the final result:

ko, k = Ke, no, n = Ne,
ki + K? +nj+ N?=+1,

]C()N + noK =0 s (84)
(ko—{—lKG 6) (TLQ—ZNGC}')
G — (85)
—(ng —iN ed) (ko+1K ed)
It should be noted that
det G = (k{ + K +ni + N*)*> = +1. (86)

This result may be verified by direct calculation. Indeed,
(ko—@Keﬁ) —(n0+@NeE)
(ng+iNed) (ko—iKed)

G" =

Y

and further for GG™ = I we get ( by 2 x 2 blocks)

(GG =k + K*4+n2+N? =41, (GGT)19 = —2i(ngK + kyN) (e 7) =0,
(GG )y = kg + K* +n + N? = +1, (GGM)g1 = +2i(ngK + koN) (e 3) =0 .
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One different way to parameterize (84) can be proposed. Indeed, relations (85) are

ko, k = Ke, no, n = Ne,
K? N? K N
E3(1+ — 21+ —=)=+1 — ==
0( + k8)+n0< +7’L(2)> + ) kO no W7 (87>
or
ko, k = ]{;OW e, No, n = —n()W e,
(k3 +n3) (1 +W?) =+1,
K=kW, N=-nW, 0<ki+nj<l. (88)

Therefore, matrix G' can be presented as follows:
ko(14+1i We d) no(l+iW e )
—ng(l+iW e &) ko(l+ilV ed)

1
R 4m) e W =41, = W=y a1

Evidently, it suffices to take positive values for W. The form (89) for G shows that the unitary
sub-group depends upon four parameters kg, ng, e:

G = (89)

0<ki+ns<1, e’=1. (90)

Let us establish the law of multiplication for four parameters kg, ng, W = We:

K1+ iW' &) nh(1+iW' &) || ko(1 +iW &) no(1 +iW &)
G"=GG= (91)
—no(1 +iW' &) k(1 +iW' &) || —no(1 +1W &) ko(1 4+ W 0)
or by 2 x 2 blocks
11) = (kjko — ngno) (1 4+iW' @)(1+iW &
(11) = (Koko — ngn0) ( ) )
(21) = —(kjno + ngko) (1 +iW' @)(1 +iW ) ,
22) = (k(ko — ngno) (1 +iW' 3)(1 +iW 7).
(22) = (Koko — ngmo
Because (11) = (22), (12) = —(21) ; further one can consider only two blocks:
W4+ W- W xW |
(11) = (kiko — ngno)(1 — W'W) (141 T W 7),
W+ W-—- WxW |
(12) = (k{no + ngko)(1 — W'W) ( 1+ T WW 7).
So the composition rule should be
/ . /
W,,:W—i—W W' x W (92)

1- WW
It remains to prove two the identity (kj2 +ng?) (1 + W"?) = +1, which reduces to

(koko — ngno)® + (kjno + noko)? [(1— W'W)*+ (W + W — W x W)’ =1. (93)
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First terms is

(khko — ngno)? + (kyno + npko)? = (kg +ng) (k3 +nd) .
Second term is

(1— WW)?2 4+ (W + W- W xW)?=(1+W?(1+W?).
Therefore, (93) take the forme
(kg +ng) (k§ +ng)(1+W?2)(1+W?) =1;

which is identity due to equalities:

(k¢ +nd) L+W?) =1,  (kZ+nd)(1+WH)=1.

It is matter of simple calculation to introduce a curvilinear parameters for such a unitary
subgroup:

e = (sinfcos ¢, sinfsin ¢, cosd) , (94)
ko = cosacos p, K = cosasinp , ng =sinacosp, N = —sinasinp ,
and G looks as follows
A Y cos a(cos p + i sin p cos ) i cos asin psin fe
G:‘_Z Al A= i cos avsin psin #e’® cos acos p —isinpcosf |’
. sina(cosp +isinpcosf)  +isinasinp sinfe | (95)
isinasin p sin e sin a(cos p — isin p cos )

In conclusion let us list main results:

Parametrization of 4 x 4 — matrices G of the complex linear group GL(4, C') in terms of four
complex vector-parameters G = G(k, m, n,l) is investigated. In the given parametrization, the
problem of inverting any 4 x 4 matrix G is solved. Expression for determinant of any matrix
G is found: det G = F(k,m,n,l). Unitarity conditions have been formulated in the form
of non-linear cubic algebraic equations including complex conjugation. Two simplest types of
solutions have been constructed: 1-parametric Abelian sub-group Gy of 4 x 4 unitary matrices;
three 2-parametric sub-groups Gy, Gs, G3; one 4-parametric unitary sub-group. Curvilinear
coordinates to cover these sub-groups have been found.
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