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Equations of motion for quadrupolar particle
in General Relativistic Theory

A. A. Sokolsky*
Belarusian State University, 4 Nezalejnosty Ave., 220030 Minsk, Belarus

In the framework of General Relativity, the equations of orbital and spin
motion for a particle with quadrupole moments of mass and electric charge in
electromagnetic and gravitational fields are derived. The equations can be used to
take account of perturbances caused by the influence of quadrupole moments on the
movement of relativistic astrophysical objects.
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Relativistic dynamics of particles with the moments is of interest for a wide range of prob-
lems — from movement of high-energy particle through the matter [1, 2] up to the evolution
of relativistic astrophysical objects [3]. The methods of derivation of dynamic equations for
particles with the moments were widely discussed [4-13]. In the present report, the dynamics
of model of a quadrupole particle interacting with electromagnetic and gravitational fields is
developed on the basis of the classical general relativistic variational formalism [7, 8].

With the use of the results [7, 8], for derivation of the closed dynamic equations it is sufficient
to determine the Lagrange function; this allows to avoid some difficulties inherent in other
methods. We shall obtain the Lagrange function for relativistic quadrupole particles as follows.
First of all, we shall write the Lagrange function for a system of particles with mass m, and
electric charges q, in nonrelativistic approach as
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Here, the fields § = —V® (Newton gravitational), £ = —V — %%—f (electric), H = rot A
(magnetic) and derivatives with respect to coordinates (designated by a comma after an index)

are calculated at the point 7.
If the system is a rigid "compound” particle, whose orientation is determined by the orts
€k, we have: ¢* e = g, = const, ¢*e; e}, = G, = const, m*e; e}, = m,, = const, and in the
S T S T S

quadrupole approximation the Lagrange function (1) takes the form

- ome? U -
L=—+—Swwy—m®+mugir+q(-A—¢]|+
2 2 c
Uj Uj
+qi <E1 + 5ijn?Hn> + i Hy + qik (E'Lk + 5ijnan,k> ; (2)

where

. 1. d. 1
w=3 |Fk X o 64 M=o (@unlik — Qi) Wi, Lik = 2 (Myj04 — M) -
Now let us introduce the following general 4-invariant expression:
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It is easy to verify that Ldr — (—moc? + L)dt (with L from (2)) in the nonrelativistic limit,
if %a = (0, €) in the particle rest system. Hence, the Lagrange function (3) gives the model
of a particle with the moments up to quadrupole ones that interacts with electromagnetic and
gravitational fields in GR. The constants §;, Gix and m; in the expression (3) play roles of the

intrinsic characteristics of a particle.
Substituting the Lagrange function (3) into the formulas from [7, 8]:
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where WU represents the external fields, one can obtain the dynamic variables for considered
model:
— the generalized 4-spin
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0% =04y T o =1 BWﬁJFE(QQ%—%) H”, (4)
— the generalized 4-torque
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— the generalized 4-force
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We use designations:
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Dynamic equations and cinematic constrains [7, §]

DP, Do,
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form the closed system of equations for quadrupole particle in GR. A number of the independent
equations in (8) and (9) coincides with a number of unknown functions z®(7) and ga(r). Really,
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we have 18 equations (8) and (9) for 16 functions () and ga(T), but due to (9) two identities
are valid: (0 —K)u® =0and ( P —F)u® + (0 —K)w® = 0.

Let us note that the tensors m®? and ¢*? are connected with standard quadrupole moments
of mass Qg?) and charge Qgg)by the relations
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m 5™ + GQ,k e e, q 5 Qwen ™ + GQM e €.
References

| Baryshevsky V. G. // JETP Lett. (Moscow). 1972. V. 5, No. 3.
| Baryshevsky V. G., Sokolsky A. A. // JTP Lett. (St.-Petersburg). 1980. V. 6, No. 23. P. 1419.
| Bysnovaty-Kogan G. S. // UFN. 2006. V. 176. No. 1. P. 59-75.
| Frenkel J. I. // Zs. Phys. 1926. V. 37. P. 243.
| Papapetrou A. // Proc. Roy. Soc. 1951. V. A 209. P. 248.
| Bartrum P. C. // Proc. Roy. Soc. 1965. V. A 284. P. 204.
7] Minkevich A. V., Sokolsky A. A. // Vesti AN BSSR. Ser. fiz.-mat. 1975. No. 4.
]
]
]
]
]
]

8] Sokolsky A. A. , Belyakova A. Ja. // Vestnik BGU (Minsk). 1990. Ser. 1, No. 3. P. 3-6.
9] Ryabushko A. P. / Bodies Movement in GR theory. Minsk. 1979.

[10] Taub A.H. // Proc. of the Meeting on G.R. Florence. 1965.

[11] Epykhyn E. N., Mitskevich M. V. Izvestija Vuzov // Fizika. No. 9. 1976. P. 113-115.

[12] Pomeransky A.A., Sen’kov R.A. // Phys. Lett. B. 1999. V. 468. P. 251-255

[13] Silenko A.J., Teryaev O.V. // Phys. Rev D. 2005.V. 71. P. 064016.

205



