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Equations of motion for quadrupolar particle
in General Relativistic Theory
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In the framework of General Relativity, the equations of orbital and spin
motion for a particle with quadrupole moments of mass and electric charge in
electromagnetic and gravitational fields are derived. The equations can be used to
take account of perturbances caused by the influence of quadrupole moments on the
movement of relativistic astrophysical objects.
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Relativistic dynamics of particles with the moments is of interest for a wide range of prob-
lems – from movement of high-energy particle through the matter [1, 2] up to the evolution
of relativistic astrophysical objects [3]. The methods of derivation of dynamic equations for
particles with the moments were widely discussed [4-13]. In the present report, the dynamics
of model of a quadrupole particle interacting with electromagnetic and gravitational fields is
developed on the basis of the classical general relativistic variational formalism [7, 8].

With the use of the results [7, 8], for derivation of the closed dynamic equations it is sufficient
to determine the Lagrange function; this allows to avoid some difficulties inherent in other
methods. We shall obtain the Lagrange function for relativistic quadrupole particles as follows.
First of all, we shall write the Lagrange function for a system of particles with mass ma and
electric charges qa in nonrelativistic approach as

L = Lkin + Lgr
int + Lem

int, (1)

where

Lkin =
1

2
mv2 +

1

2

∑
a

ma (d~ra/dt)2, Lgr
int = −mΦ +

∞∑
N=2

Lgr
N ,

Lgr
N = mk1k2...kN−1

gk1,k2,...kN
, Lem

int = q

(
~v

c
~A− ϕ

)
+

∞∑
N=1

Lem
N ,

Lem
N = µk1k2...kN−1

Hk1,k2,...kN−1
+ qk1k2...kN

(Ek1,k2,...kN
+ εk1mn

vm

c
Hn,k2,...kN
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m = Σ
a

ma, q = Σ
a
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∑
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m
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=
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=
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=
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N ! c
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a

qa r
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k2 ... r
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kN

d

dt
r
a

m (i, j, k... = 1, 2, 3) .
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Here, the fields ~g = −~∇Φ (Newton gravitational), ~E = −~∇ϕ − 1
c

∂ ~A
∂t

(electric), ~H = rot ~A
(magnetic) and derivatives with respect to coordinates (designated by a comma after an index)
are calculated at the point ~x.

If the system is a rigid ”compound” particle, whose orientation is determined by the orts
~ek, we have: qk e

s
k = q̃s = const, qik e

r
i e

s
k = q̃rs = const, mik e

r
i e

s
k = m̃rs = const, and in the

quadrupole approximation the Lagrange function (1) takes the form

L̃ =
mv2

2
+

Iik

2
ωiωk −mΦ + mik gi,k + q

(
~v

c
~A− ϕ

)
+

+qi

(
Ei + εijn

vj

c
Hn

)
+ µkHk + qik

(
Ei,k + εijn

vj

c
Hn,k

)
, (2)

where

~ω =
1

2

[
~ek × d

dt
~ek

]
, µi =

1

2c
(qnnδik − qik) ωk, Iik = 2 (mjjδik −mik) .

Now let us introduce the following general 4-invariant expression:

L = −m0c
2 +

1

2
Iαβωαωβ + mαβRµαβνu

µuν+

+
1

c
qAµu

µ +
1

c
qαFαβuβ +

1

c
µα

∗
Fαβ uβ +

1

c
qµνuσ∇µFνσ, (3)

where

∗
Fαβ =

1

2
ηαβµνFµν , ηαβγδ =

√−g εαβγδ (ε0123 = −1) ,

g = det ‖gαβ‖ , ωα =
1

2c
ηαβγδuδ e

k
β

d

dτ
e
k

γ , mαβ = m̃ik e
i

α e
k

β,

Iαβ = Ĩik e
i

α e
k

β, qα = q̃k e
k

α , µα =
1

c
(q̃nnδik − q̃ik) e

k
α e

k
β ωβ.

It is easy to verify that Ldτ → (−m0c
2 + L̃)dt (with L̃ from (2)) in the nonrelativistic limit,

if
α

e
k

= (0, ~ek) in the particle rest system. Hence, the Lagrange function (3) gives the model

of a particle with the moments up to quadrupole ones that interacts with electromagnetic and
gravitational fields in GR. The constants q̃i, q̃ik and m̃ik in the expression (3) play roles of the
intrinsic characteristics of a particle.

Substituting the Lagrange function (3) into the formulas from [7, 8]:

Pα =
∂L

∂uα

+

(
∂L

∂uλ
uλ +

∂L

∂ωλ
ωλ − L

)
uα +

∂L

∂
λ

e
k

uλ eα
k

+

[
·

u ∧∂L

∂ω

]

α

+
∂L

∂ωλ
uλωα,

σα =
∂L

∂ωλ
nλ

α, Fα =
∂L

∂Ψ
∇αΨ +

1

2
σµνRµνλαuλ,

Kα =


e

k
∧∂L

∂ e
k




α

+

[
ω ∧ ∂L

∂ω

]

α

+
∂L

∂ωλ

·
uλ uα,
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where Ψ represents the external fields, one can obtain the dynamic variables for considered
model:
– the generalized 4-spin

σα = σα
(m) + σα

(q) = Iαβωβ +
1

c

(
qλ
λnα

β − qα
β

)
Hβ, (4)

– the generalized 4-torque

Kα =
2

c
ηνλmβ

νRσρβγu
σuγuλ + qβEαβ+

+µβHαβ +
2

c
ηαλβ(ρq

ν)
β uλu

σ∇νFρσ +
1

c2
σβu̇βuα, (5)

– the generalized 4-momentum

Pα = m∗uα + 2nλ
αmρσRλρσνu

ν +
1

c
qAσn

σ
α+

+
1

c
qβHβα +

1

c
nλ

αqρσ∇σFρλ +
1

c2
σαβu̇β, (6)

where

m∗ = m0 + 1
2c2

Iρσωρωσ + εint

c2
,

εint = −mρσRλρσνu
λuν − q

c
Aλu

λ − qλEλ − 1

c
qµνuσ∇µFνσ,

– the generalized 4-force

Fα =
1

2
σµνR

µν
λαuλ + mρσuγuν∇αRγρσν +

q

c
uλ∇αAλ+

+
qλ

c
uβ∇αFλβ +

µλ

c
uβ ∇α

∗
F
λβ

+
qσλ

c
uβ∇α∇λFσβ. (7)

We use designations:

[a ∧ b]α = ηαβγλaβbγuλ, nµ
ν = δµ

ν + 1
c2

uµuν ,

σµν =
1

c
ηµνλρσ

λuρ, ωµν =
1

c
ηµνλρω

λuρ, Eµν = nα
µnβ

ν

∗
F
βα

,

Eµ =
1

c
F µνuν , Hµν = nα

µnβ
νFαβ, Hµ =

1

c

∗
F µν uν .

Dynamic equations and cinematic constrains [7, 8]

DPµ

dτ
= Fµ,

Dσµ

dτ
= Kµ, (8)

uα(τ)uα(τ) = −1,
α

e
i

(τ) eα
k

(τ) = δik, uα(τ)
α

e
i

(τ) = 0, (9)

form the closed system of equations for quadrupole particle in GR. A number of the independent

equations in (8) and (9) coincides with a number of unknown functions xα(τ) and
α

e
k

(τ). Really,
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we have 18 equations (8) and (9) for 16 functions xα(τ) and
α

e
k

(τ), but due to (9) two identities

are valid: (
·
σ

α
−Kα)uα = 0 and (

·
P

α
−Fα)uα + (

·
σ

α
−Kα)ωα = 0.

Let us note that the tensors mαβ and qαβ are connected with standard quadrupole moments

of mass Q̃
(m)
ik and charge Q̃

(q)
ik by the relations

mαβ =
1

3
m̃kkn

αβ +
1

6
Q̃

(m)
ik

α
e
i

β
e
k

, qαβ =
1

3
q̃kkn

αβ +
1

6
Q̃

(q)
ik

α
e
i

β
e
k

.
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