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Non-trivial analytical solutions in 2- and
3-dimensional scalar field models
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Institute of Physics of National Academy of Sciences of Belarus, Minsk, Belarus

Here we demonstrate in explicit form the analytical solutions (instantons) for the
scalar field models in S ® R! space-time and analytical solutions (solitons) for the
scalar field models in S ® R' ® R' space-time.
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Let us consider 2-dimensional scalar model in S' ® R! space-time (—% <z < %, —00 <t <
00):

1
L= 55%908#90 —V(p), p=0,1, (1)

V(p) = A(1 — cos(pyp)), (1.1)
Vip) = Ap® — ¢*)?, (1.2)

where ¢(z,t), A, p are real.
This models admit instantons (non-trivial classical solutions of the field equations in imagi-
nary time 7 = it) [1]:

, 4
"st(x, T) = - arctan e(T’TO)pﬁ, (2.1)
p

¢! (z,7) = % tanh (p\/ﬁ(T - 7’0)) ; (2:2)

¥

where 7y is arbitrary parameter. These space-homogeneous solutions can be used for the de-
scription of the tunneling transitions between neighbor classically degenerated vacua of V() [2].
The (Euclidean) actions on instantons can be easy calculated [1]:

Sl (a,m)] = Y21,

. 420
Sile™ (x,7)] = —3 p°L.

Let us consider 3-dimensional scalar model in S* @ R' @ R! space-time (—% <z < £ —o00 <
Yy < 00,—00 <t < 00):
1
L=350up0up = V(p),  p1=012, (4)
where V' (¢) are defined in (1.1) and (1.2).

It is well-known, that instanton solutions in D dimensions formally coincide with static
solitons in D + 1 dimensions. Therefore we can immediately write exact solitons solutions:

4
Oz, y,t) = i; arctan e =¥V (5.1)
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> (z,y,t) = + tanh (p\/ﬁ(y - yo)) : (5.2)

The energies of solitons (5.1) and (5.2) formally coincide with (Euclidean) actions on instan-
tons (3.1) and (3.2) correspondingly:

Bleiap] = 21, (61)
Bl (e.y.0] = 220 (62

Depending on time solitons can be obtained from solutions (5.1) and (5.2) by transition to
another frame of reference:

o,y 1) = i% arctan [exp (%pﬁ)l | (7.1)
o (x,y,t) = + tanh [%p\/ﬁ] , (7.2)

where u is a velocity of new frame of reference.
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