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Maxwell equations in Riemannian space-time,
geometry effect on material equations in media
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In the paper, the known possibility to consider the (vacuum) Maxwell equations
in a curved space-time as Maxwell equations in flat space-time (Mandel’stam L.I.,
Tamm L.E. [1,2]) as taken in an effective media the properties of which are determined
by metrical structure of the initial curved model go(z) is studied

H (z) = /—g(x) g**(2)g”"(x) | €0 A5 Fu() | 5

A, 3 @ _ 4-rank tensor; metrical structure of the curved space-time generates effective
constitutive equations for electromagnetic fields:

1
D =¢e(z) E4+€eca(r) B, H=cpcf(z)E+— p(z) B,
Ho

the form of four symmetrical tensors €*(x), a*(x), 3% (z), u?* () is found explicitly
for general case of an arbitrary Riemannian space-time geometry gog(x):

e (x) = V=g [¢"(2)g™(x) = " (2)g" (@), a™(2) = +V=g ¢ (z) ¢"(2) eijn,
1

(@) = — /=g 9%(2) ¢ju g™ (),  ©F(a)=v—g §6¢mn9ml(w)g”j ()€ -

The main peculiarity of the geometrical generating for effective elec-
tromagnetic medias characteristics consists in the following: four tensors
e*(x), a'*(x), B%(z), p**(x) are not independent and obey some additional con-
straints between them.Several, the most simple examples are specified in detail:
it is given geometrical modeling of the anisotropic media (magnetic crystals) and
the geometrical modeling of a uniform media in moving reference frame in the back-
ground of Minkowski electrodynamics — the latter is realized trough the use of a
non-diagonal metrical tensor determined by 4-vector velocity of the moving uniform
media g*™ = [ g*™ + (ep — 1) u®u™ ]/ /i . Also the effective material equations gen-
erated by geometry of space of constant curvature (Lobachevsky and Riemann mod-
els) are determined. General problem of geometrical transforming arbitrary (linear)
material equations, given by €@ () 50 10 has been studied — corresponding
formulas have been produced.

PACS numbers: 03.50.De, 04.20.-q
Keywords: Maxwell equations, media, constitutive relations, Riemannian geometry

redkov@dragon.bas-net.by
tokarev@dragon.bas-net.by
e.bychkouskaya@dragon.bas-net.by
gjspix@msn.com

126
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1. Riemannian geometry and Maxwell theory

Let us start with the Maxwell equations in Minkowski space: in vector notation they are
[3-6]

0B
I divB =0 tE=——
(I) iv : rO 5
1 OE
I1 divE = —rot B=1J —. 1
(I1) eeo div 0, o 1o + e T (1)
With the use of material equations
B
H=—, D=¢y E (2)
Ko
egs. (1) can be written in terms of four vectors as follows
JOcB
(I) diveB=0, rotE:—ﬁ,
H oD
II divD = j° t— =j+— 3
(1) awD=j", ot o =j+ 2D 3
where 2V = ¢t , j* = (p,J/c) , In terms of two electromagnetic tensors:
0 -—-F' —-FE* —E3 0 -Dt -D* -D3
(F*P) — +E' 0 —cB? +c¢B? (%) — +D* 0 —H3/c +H?*/c
T |+E? +¢B®* 0 —cB'|’ “ | +D?* +H3/c 0 —H'Jc
+E3 —cB? +¢B' 0 +D* —H%*/c +H'/)c 0
egs. (3) take the form
(I)  OuFye+ OFea+ 0Fy =0,  (II) O,H" = j* . (4)
In vacuum case, the material equations (note the notation E' = —F;, D' = —D;, B’ =

. 1 .
D =¢E = (DY), H=—B=(H"),
o
will look in tensor form as follows:

H® (1) = ¢q F(z) .

The situation is quite different in non-vacuum case. For instance, the material equations for a
uniform media

) 1 .
D=eqeE= (D), H=—B=(),

Hott
these relationships can be written in short form with the help of subsidiary 4 x 4 - matrix
1/ 0 0 O
0 -k 0 O 1 b b
N = e , k= . HY=en""n™ Fon (5)
0 0 -k O NGT
0 0 0 —k

When extending Maxwell theory to the case of space-time with non-Euclidean geometry,
which can describe gravity according to General Relativity [6], one must change previous equa-
tions to a more general form [6] (for simplicity, let us start with the most simple case of vacuum
Maxwell equations):

(1) VaFpy +VgFya +VyFap =0,
(I1)  VgHP* =3, Hyy=r¢ Fop. (6)
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2. Maxwell equations in Riemannian space-time and a media

Let us discuss in detail the known possibility [1-2] to consider the (vacuum) Maxwell equa-
tions in a curved space-time as Maxwell equations in flat space-time but taken in an effective
media the properties of which are determined by metrical structure of the initial curved model
gap(x). Let us restrict ourselves to the case of curved space-time models which are parameter-
ized by the same quasi-Cartesian coordinate system x®.

Vacuum Maxwell equations in a Riemannian space-time, parameterized by the same quasi-
Cartesian coordinates (to distinguish formulas referring to a flat and curved models let us use
small letters to designates electromagnetic tensors in curved model, f,, and he® )

5 e L
\/_—gab\/_gf 60] . (7)

One can immediately see that introducing new (formal) variables (there exists one special case;
namely, if g(z) does not depend on coordinates in fact then the factor /—¢g can be omitted
from the formulas and below)

Fab = fab; Hba = €o \/__g gam<x>gbn(x) fmn(m)a \/__gja - ja (8>

equations (7) in the curved space can be re-written as Maxwell equations of the type (??) in
flat space but in a media:

(1) Oafoc + Opfea + Ocfar =0, (IT)

(I)  O0uFye+0yFoq +0.Fy =0  (II) 0Oy F™ = —j°. (9)

€0

At this, relations playing the role of material equations are determined by metrical structure:

HP(x) = eo [ /—g(x) g°"(2)9" (2) ] Fpo(x) ; (10)

if gop does not depend upon coordinates, then the factor \/—¢g(x) can be omitted — see (8).

3. Metrical tensor g.s3(r) and material equations

In this section let us consider the material equations for electromagnetic fields which are
generated by metrical structure of the curved space-time model. Consider the case of arbitrary
metrical tensor

goo go1 Yo2 Yo3
go1 911 912 913 ' (11>
go2 g12 g22 9g23
Jo3 913 923 g33

Jap(T) =

We are to obtain a 3-dimensional form of relation (10). Their general structure should be as
follows (for discussion of different types of electromagnetic medias see in [7-12]):

D' = ¢y €*(x) By + €oc () By,
. . 1 .
H' = eyc B*(z) By + m p* () By . (12)
0

Four dimensionless (3 x 3)-matrices €*(x), a®*(z), 8%*(x), pu*(x) should not be independent
because they are bilinear functions of 10 independent components of the symmetrical tensor
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gap(x). After simple calculation, one produces expressions for four tensors:

(@) = /=g (9" (x) g"(x) — g"(z) g™ (2)) ,
Mk(x) \/_g €imn gml(x)gm( ) €ljk
(

o (z) = +v/=g ¢ () ¢" () e ,
ﬁlk(ﬂf) —V=g g% (x) ju g" () . (13)

The above form the tensors obey special symmetry conditions:
e(a) = +eM(@), @) =+pt(x), () = oy (14)

which mean that the (6 x 6)-matrix defining material equations

MI»—QQ

Di(z) €0 €F(x) e ¥ (1)
H'(x)

(15)

coc 3% () ppt ()

is a symmetrical matrix. Four (material) tensor in the above formulas are defined by

. . gll 912 gl3 gl gl gl g2 gl g3
[e*(@) ] =vV=9g" |¢* ¢ ¢® | —V—g |¢*¢" ¢*¢* ¢*¢° |,

931 932 933 g3 g g3 g g3 93

) (g 29‘1’3 923932) (9319?1’ 921 33) (921932 922931)
()= (/=g | (¢° 923 g‘;’?’g ) (g‘°1"°’g21 gi’l 23) (9‘1922 g*2g") |,

(9M2¢% — g%9*) (¢"¢* — g"'¢®) (9" g** — g"2¢*)

. (— 9293 +g;3gz) (gzg?’ —gf’gi) (—g;gz +g;zgi)
a(z) =+v—=g | (g 293 +yg 392) (g 193 —g 391) (—g 9ty 291) :

(=g*2¢> + 9%3¢%) (¢ ¢® — ¢*39") (—g*g* + 9*2¢")

. ‘%]1293_*_%13%]2) (_gf293+g23€2) (_93293_‘_933%2)

B () =+v—g | (g 93—9?9) (g 93—g3g (9393—933g : (16)

4. Geometrical modeling of the uniform media

Let us consider one special form of the metrical tensor:

a? 0 0 0
0 —v®> 0 0

gaﬁ(x) = 0 0 —p2 0 ) (17>
0 O 0 —b?

where a? and b? are arbitrary (positive) numerical parameters. This is a special case mentioned
in connection with eq. (8): if g(x) does not depend on coordinates in fact then the factor /—g
can be omitted from the formulas. Acting so we get the material equations generated by that
geometry

-1 0 0

A A 1
(@) =—z 0 -1 0|, =
a2b2 0 0 —1 b4

(18)

o O =
O = O
_ o O
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or differently

. 1
0 Ei) HZ:_B'L

- 1

from which it follows

V=, a®=-—. (20)

Corresponding metrical tensor (17) is

1/\/eg 0 0 0
1 0 —yeu O 0
gaﬂ(x) - _E 0 0 _\/a 0 (21>
0 0 0 —\eu
5. Geometrical modeling of an anisotropic media
Let us extend the previous analysis and consider another metrical tensor:
a2 0 0 0
0 -2 0 0
Jap = 0 01 —b% 0 ) (22>
0 0 0 -0

where a?, b3, b3, b2, are arbitrary numerical parameters. The material equations generated by
that geometry are

' ‘ ' -2 0 0
D' = ey By, ("y=a"2| 0 —b%2 0 |, (23)
0 0 —b3?
' ' ' by%b3? 0 0
H'=pg'p™ B, (%) =| 0 b%* 0,
0 0 b by?
or differently
€0 €0 €0
D'=—-——-F D*=—-—>F D’=—-———F
a2b% 15 ang 2 a2b§ 3
le;Bl H2:;B2 H?’:;Bg.
o R o 32 1o V2
These material equations should be compared with
Dl = —€p€1 E1 y D2 = —€p€2 EQ R l)3 = —€p€s E3 y
1 1 1
Hl = Bl ) H2 = B2 ) H3 = B3 )
Ho 1 Ho b2 Ho s
from which it follows
1 1 1
€1 = CLQb% ) €2 = CLQb% ) €3 = CLQb% )
po=byby,  pme=bibi, oy =0bib;. (24)
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One can readily obtain

Hi — H2 M3
Mol B (@RI -,
€1 €9 €3

L= p + 3+ 3 Hi _ €
e+e+e Vi s+ 3 e e+ e

The latter means that one may use four independent parameters, €, u, n;:

2
€ =€N; , Wi = b T, n- =1

One can readily express b? in terms of p;:

Ha non3
piaps = by (b5 03) = by — b=/ = ,
241 ny
n3n
o =08 BBV = b — = B
M2 na
nin
papin = g by (BT 03) = po by s~ = by = M;ZQ - Vi ;32

In turn, from a? b% b3 b2 = u/e it follows

S S | 1
N € b%b%b% N E\//_,L \/M1M2oNsg

The formula (27)-(28) provide us with (anisotropic) extension

a

1 1
NN 0 0 0
1 0 RV R v 0 0
mO=Z o 0 v a0
0 0 0 — /€Ll /";L—;”

of the previous (isotropic) metrical tensor.

6. The moving media and anisotropy

(26)

(29)

One other, more involved, example of effective anisotropic media is provided by the material

equations for uniform media for a moving observer (more details see in [14-16]):

aomn € am a,,m mn n
A Zgo[g +(ep— 1) uu™ ] [ g™+ (ep— 1) uPu" ],
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Corresponding four 3-dimensional tensors are
1,2

‘ 1 (=1 + yulu! — yu®u?) yulu ~yulu
eh == yulu? (—1 + yu?u?® — yu'uP) yutu? ,
K yudut yudu? (=1 4+ yudu? — yu'u?)
o= yutu? — yudu?) yulu? yutu?
uh = 2 e (1 — vudu® — yutud) U2 ’
© yudut yudu? (1 — yulu! — yu?u?)
o 0 —yulu? +yulu? o 0 +yuu® —vyulu?
ot = — —|—fyu0u3 0 —yulul |, BF = — | —yulu® 0 Hyulul
Pl —yulu? +yulul 0 P 4qulu? —yulut 0
(31)
Let us deduce 3-dimensional vector form of these relations. For the vector D’ we have
60 €oC

D' = . [(—1 +~yu'u' — yulu®) By + yuru? By + yulu E3]+7( yulu? By + yulu® Bs)
€

D* = ﬁo [ +yuru? By + (=1 + yuu® — yuu®) By + yu?u® B3] + 7('yu u? By — yu'u' Bs)

D' = [—l—vu YWAEL + yutuP By 4 (=1 4+ yuu® — yulu®) Es] + 6L( —yuu? B + yu'u' By)
" %

and further

D' = —% By + % [—u'W’Ey + (W' By + By + w’Es) u' | + —EOMW u’ (u?Bs —u’By) ,
D* = —% Es + 6;)7 [—u’u’Es + (u'Ey + u*Ey + u’Es) u? | + —60:7 u’ (u’By —u'Bs) ,
DP=_-2p, % [—uOu’Es + (u' By + 2By + 3 E3) u® | + 77 W (u'By — u?By) |

With the use of notation ,
0 1 A Ve

S V/iove T ioe

previous relations look as follows

D'=-2p + =B+ (VB + V2E, + VPE;) V! ] L oy (V2By — V3DBy)
p 11—V 0 1-V2 ’

D2 _% By + €07 [—E) + (VIE, + V2Ey + V3E3) V2] N cocy (V3B; — V'Bj3)
z Iz 1-V2 1 1-V2 ’

pi__f0 Bt €0y (B3 + (VIE + V2E, + VPE,) VP ] el (ViBy — V2B) ’
p 1-V2 1 1—V?

or in vector form they are

ey E-(VE)V L Gy V xB

D= +,uE . T 1V (32)
Now analogously we should consider three relations for H*:
H, = ﬁ [(1 —yuu?® — yuu®) By + yu'u?By + yulu®Bs | + ; (yuu? By — yuu? Ey)
H, = ﬁ [yu'u?By + (1 — yubu® — yu'ut) By + yu®u®Bs | + . (’yu Ou? By — yulu?E3)
H; = ﬁ [yu*u! By + yu*u?Bs + (1 — yu'u' — yuu?) Bz | + ; (yulu? By — yu'u' By)
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or further
1
H =— B, + L(—u2u2 By —uu® By + v'u?By + u'u®Bs ) + CCT 0 (uPEy — u?Es)
Hofh Hofh
_ 1 v 1L.2p 3.3 n 1.1 2,3 €©CY o0/ 3p 2
H, = By + ——(+u'u’By —u’u’ By —u'u" By +u u’Bs ) + u’ (v’ By — u”E3)
Kot Mot
1 v 3,1 3,2 .11 2.2 C©CT o 2m 1
Hy = — B3+ —(+vw’u By + vw’u"By —u'w Bs —u“u” By ) + u (u“Ey —u Ey)
Ho Ko

Noting identities

(—u*u? By — v*u® By +u'u?By + u'u®Bs

=u*(u'By —u? By) — v’ (u’B; — u'Bs) = [u x (u X
(+uru?B; — v*u® By — u'u' By + u?u’Bs

= u?(u’Bs — u® By) —u'(u'By —u? B)) = [ux (ux B
(+uu By + v*u®By — u'u' By — u*u® By)

=u'(v’B) — BiU?)) —u*(u® Bs —u*By) = [u x (u x B

\_/w\_/
=

~—
(]

~—

J3
previous relations can be rewritten in a vector form as follows:

H:LB—l— 7V><(V><2B)) 6007V><E2
ok pop 1=V po 1=V

(33)

Relations (32)-(33) provide us with 3-dimensional vector form of material equations in media
moving with velocity V . Firstly they were produced by H. Minkowski.

7. Effective material equations generated by Riemannian geome-
try of a space of constant positive curvature

A 3-dimensional space of constant positive curvature, Ss, has many applications in physical
problems. The most simple realization of this model is given by three-sphere in 4-space (the
space of the unitary group SU(2) ):

1%
Wi+ WP Wi+ Wi =R, wi=-—%, andsoon; (34)

R is a curvature radius. These four coordinate are connected with quasi-spherical ones be
relations:

wy = Cos X, w; = siny n; , n; = (sin 6 cos ¢, sinfsin ¢, sin 9) . (35)
The most used coordinates are conformally-flat ones:

2w;

y' = T —2tanx/2ni,
ar = R (14 )2 m%@%@y (36)
and quasi-Cartesian ones :
i y' W )
T :m:tanxni:w—Ll, XE[O,TF/Q], (37)
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the later parameterize only elliptical model (the space of orthogonal group S0(3) )

Sik ¥ .
ds? = dt* — (—LF— — dx’ dx’
¢ (l—l—m2 (1+x2)2> S
10 B ik zizk
o '0 ik |’ Jik = (1+:1:2 (1+:E2)2)7
s 110
[ | =t 39
Also calculating the determinant
1 1+ ztzt 2la? xlad
det (gag) = o IY det (¢*°) = —(1 +22)*| 22! 142222 222% | =
det (g*P) e 2322 1 4 258
—(14+ 2% [(1+ 22" (1 + 222 (1 + 2%2%) + 22 v 2?0?22 —
_(1 +3§2.CE2)331.CE1ZE3333 o (1 +x1x1)x2$2x3x3 . (1 +x3m3)x1$1x2xz] — _(1 + 1‘2)3 ’ (39)
that is
det = ! 40
—det (gap) = m : (40)
For effective dielectric tensor €*(x) we have
ik 00 ik i,k
e*(z) = /=g g°(x)g™* () = ———— (6 + 'z") =
1 1+aztat 2la? rta’
=——| z'2* 142%2* 2% |. (41)
R e 3?1+ 2328
For effective magnetic tensor p*(x) we have
. (1 + 2%2* + 2323) —rla? —xlz?
p*(x) = V1 + 22 —r2x! (1+ 232% + x'2?) —x?x? (42)
I 32 (1+ z'a! + 2%2?)

It is easily verified by direct calculation that (taken with minus ) dielectric tensor (—e*(x))
and tensor u’*(x) are inverse to each other

—*(z) pM(x) = G, . (43)
Let us write down the effective material equations explicitly

1

D! = ¢y¢*E, | H'= —u*B,, B; = poM*H* ; (44)
Mo
at this two matrices coincide
' ' 1 1+2lzt 222 xtad
_€zk<x> — Mzk<x> - - IL‘1.1'2 1 + $2x2 $2x3 (45>

2
VvV1+zx 2371 P2 1+ 33 :
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8. Effective material equations generated by Lobachevsky geom-
etry of a space of constant negative curvature

A 3-dimensional space of constant negative curvature, Hs, has many applications in physical
problems. The most simple realization of this model is given by three-sphere in 4-space (the
space of the unitary group SU(1.1)):

Wi

W42—W12—W22—W32=R2, wlzfa and so on ; (46)

R is a curvature radius. These four coordinate are connected with quasi-spherical ones be
relations:

wy = cosh y, w; = sinh x n; , n; = (sinf cos ¢,sinfsin ¢, sin ) , x € [0, +00) . (47)

The most used coordinates are conformally-flat ones:

, 2w;
b= ' = 2tanh x/2 n,
Y 1+ wy anh /2 n;
2
di” = R? (1= )72 [dy? + dy3 + dy} | (48)
quasi-Cartesian ones :
i Y’ wi
X :m:tanhxni:w—Zl, XG[O,’]T/2], (49)

the later parameterize only elliptical model (the space of orthogonal group S0(3) )

§; xIak .y
2 _ 2.0 j
dS® = c¢*dt _(1—x2+ (1_x2)2)dx]d:l:],
1 d; zi ¥
gaﬁ:‘()gjk ’ gjk:_(l—x2+(1—x2)2)’
110
=g | =, (50

Also calculating the determinant

det (gap) = et (g°F)’ det (¢*7) = —(1 —27)®, (51)

that is

/et 90) = T - (52)

For effective dielectric tensor €*(z) we have

1 1—alet —zla? xlr
= —xla? 1 —22%2?2 —22%a8 (53)
V1—=x 3l 302 1 — 33
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For effective magnetic tensor u* () we have

2

§2g% — ¢3¢%) (7192 — ¢?'¢%) (9% — g22¢%)
1) v G~ e G~ e i~ )|
(9'29% = g"%9) (979" — g"9) (9"'9* — g"¢*")
(1 — 222 — 2323) rla? rla?
=V1—2a? 2! (1 — 2323 — 'zt x2xd (54)
3! r3x? (1 —ztat — 2%2?)

It is easily verified by direct calculation that (taken with minus ) dielectric tensor (—¢™*(z))
and tensor u®*(x) are inverse to each other

—e(x) p(z) = du . (55)

Let us write down the effective material equations explicitly

) . . 1 . .
D! = ¢y¢* B, | H' = —,quBk, B; = MoMZka ; (56)
Ho

at this two matrices coincide

1 1— et —zla? xltad
—*F ()= M* (1) = —— | —zl2? 1— 2222 —222? ) 57
(z) (z) V1—a22 O S R g S R . (57)

9. Geometry effect on material equations in media

Above, we have started with Maxwell equations in vacuum:

aanc+acha+acFab:07
O H™ = j* Hap = €0 Fap (58)

and changed them to generally covariant in Riemannian space-time
1

O0uFpy + 0gF 0+ 0, Fop =0,
By B~ v+ aB \/_—g

Og/—g H™ = j* . (59)

At this, vacuum material equations
Hag = €p Faﬁ, (60)
due to presence of metrical tensor g?*(z) gave us the modified (effective) material equations

H (x) = /=g 9"*(2)g7" () € Fas() . (61)

As a first generalization let us start with Maxwell equations in a uniform media:

8aF‘bc + acha + acF’ab =0 5 abea = ja ) (62>
k1000
o . 0 k00| ,, 1
Hmn—ﬁoﬁm M Fab> nm_\/g 0 0koO|” k _E[L (63>
0 00k
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Extension of these to Riemannian space-time looks as

1
OoFsy + 05 F s + 0, Fag =0, —— Og/—g HP* = j* | 64
By By v ap = s (64)

At this, material equations for the uniform media

E1 000
a a 0 0O

Haﬁ(m) = €0 1y %b Fab(x> ) Na = \/E 0 0 kO (65>
0 00k

will take the form
H (z)(x) = /=g 9" ()9 (x) Haﬁ(fﬁ)z
= V=99" ()9 (x) €0 0" 15" Fu() . (66)

With the notation

Fos(z) =0, 15’ Fu(z);

they are written as follows

A

H (2)(x) = V=9 9" ()97 (x) €0 Fap() .. (67)
where explicit form of F,(z) is

0 EFOZ'

Fop(w) = elFyo pwtEy (68)

One should not make any additional calculation, instead it suffices the make one formal
change Fi,5(x) = F,p(x), and now material equations are

D' = eye () E), + egec o' (z) By,

. . 1 .
H' = eyec f*%(x) By, + — p™*(x) By, . (69)
Hott

These relations provide us with material equations for uniform media modified by Rieman-
nian geometry of background space-time.

It is easily to make one other extension: let us start with anisotropic media in Minkowski
space

Di=e eV B, Hi=— 9B . (70)

they will be modified into

D' = e [e*(x) )] By + eoc [a(2) pl)] B,
. . 1 .
H' = coc [I*(2)(€] Bt o= (0" (@) (ug) B (71)

And now, final extension: let start with arbitrary (linear) media when material equations
are determined by 4-rank tensor

Hop(z) = €9 D™ Fup() (72)
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from which Riemannian geometry will generate the following ones
H (z)(x) = /=g ¢"* ()97 (x) €0 Dop® Fup() -
or in 3-dimensional form
D' = ¢y €*(z) [sz) E + coz,(d) Bl] + e o' (z) [ﬁkl E + u( e Bl} )
H' = ¢oc () [eg;) E + cozl(;l)) Bl} + eoc 1 () [51(;1)) B+ ,uI(COI)C Bl] :
these may be rewritten differently
D' = ¢ [elk(x) 6,23) + O/k(x)ﬂ,gl))] E; + €c [eik(x)a,g?) + O/k(x)ugg)] By,
= e [B*@6) + 5 @00] B+ 4@l + @] B,
or in matrix form (with no indices)
D=¢ [e(z) €9+ a(2)3?] E+ec [e(x)a? +a(z)p”] B,
H=c¢c [B(z)e? + pu(2)s%] E+ i [B(z)a® + p(2)p @] B

These formulas can be read symbolically:

= é=e(z) €9 + a(x)3, o’ = 4 = e(x)a? + a(z)u?

3 = 3= B(x)e® + pu(x)p? | 10 = i = B + p(x)p® .

(74)

(75)

(76)

For instance, if starting material equations have only diagonal blocks, that is a® = 0, 3% = 0,

last relations become simpler:

= & =e(z) €V, a’ =0= a=+a(x)u?,
B=0= =0, 1= p=pa)up?.

Four (material) tensor in the above formulas are defined by

(77)
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