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Gluon dominance model and e+e− annihilation
E.S.Kokoulina∗

LPP, JINR,
Dubna, Moscow region, 141980, Russia

Gluon dominance model (GDM) studies multiparticle production in lepton and
hadron processes. It is based on the essentials of QCD and the main experimental
phenomena in these processes. The model describes multiplicity distributions and
their moments rather well. An active role of gluons was revealed in multiparticle
production and the fragmentation mechanism of hadronization in e+e− annihilation
has been confirmed.
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1. Introduction

At present the development of the contemporary theory of nuclear matter is continued. This
is due to the latest experiments on Quark-Gluon Plasma (QGP) search [1].

From 80-es the QGP conception has undergone considerable changes. Novel experimen-
tal results were obtained in CERN (SPS) [2] and BNL (RHIC) [3]. To explain extraordinary
phenomena in these processes, different approaches are used on QCD [4], Color Glass Conden-
sate [5], hydrodynamical [6], statistical [7] and other models [8].

There is no unified theory or any acceptable model which could explain all the results
obtained at high energies. Presumably we should find the answer on this difficult problem by
studying of multiparticle production (MP) in hadron and nucleus interactions at lower energies.
Till the present moment ”soft” hadronic events named by P. Carruthers [9] ”ugly duckling” of
high energy physics, have not been understood completely. He also stressed, that relativistic
heavy ion (RHI) investigations would become frontiers of the high energy physics.

The gluon dominance model (GDM) [10] realizes a unified approach to study the multiplicity
behavior in different interactions by using QCD essentials and a phenomenological approach
to hadronization. We have shown that this study agrees with the experimental data from a
wide energy region, and perhaps, can be helpful to analyze new phenomena. The calculations
of the multiplicity distribution (MD) in e+e− annihilation are in section 2. The descriptions of
moment oscillations and second correlative moments are shown in sections 3 and 4. Summary
contains the main results.

2. Multiplicity distributions

The e+e− annihilation is one of the most suitable processes to study MP [11]. According to
the theory of strong interactions QCD it can be realized through production of γ or Z0–boson
into two quarks:

e+e− → (Z0/γ) → qq̄. (1)

The e+e−–reaction is simple for analysis, since the produced state is pure qq. It is usually
difficult to determine the quark species on event-by-event basis, therefore the average over
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the quark type is generally applied. Perturbative QCD can describe the process of fission
partons (quarks and gluons) at high energy, because strong coupling αs is small at high energy
[12]. This stage can be called as ”cascade”. By the end of the fission process partons have
small virtuality and must transform into hadrons which we observe. At this stage we could
not apply perturbative QCD. Therefore phenomenological models are used to describe the
hadronization process (transformation of quarks and gluons into hadrons). They are built
on the experimental data obtained from the study of low–pT hadron collisions. It is usually
considered that production of hadrons from partons is a universal process.

Parton spectra of quark and gluon jets in QCD were studied by K. Konishi, A. Ukawa and
G. Veneciano. Working at the leading logarithm approximation and avoiding IR divergences
by considering finite x, the probabilistic nature of the problem has been established [13].

Studying MP at high energy we took the idea of A. Giovannini ([14], [15]) to describe
quark-gluon jets as markovian branching processes. He proposed to interpret the natural QCD
evolution parameter Y

Y =
1

2πb
ln[1 + αsb ln(

Q2

µ2
)], (2)

where 2πb = 1
6
(11NC − 2Nf ) for a theory with NC colours and Nf flavours, as the thickness of

the jet.
Three elementary processes contribute into QCD quark-gluon jets: (1) gluon fission; (2)

quark bremsstrahlung; (3) quark pair production. According to [14] A∆Y is the probability

that gluon will convert into two gluons in the infinitesimal interval ∆Y , Ã∆Y is the probability
that quark will radiate a gluon, and B∆Y is the probability that a quark-antiquark pair will be

produced from a gluon. A, Ã, B are assumed to be Y-independent constants and each individual
parton acts independently of others, always with the same infinitesimal probability.

A.Giovannini constructed a system of differential equations and obtained explicit solutions
for the parton jets in the case B = 0 (the third process is absent). MD of the quark jet are
given: [14]

P0(Y ) = e−
eAY ,

Pm(Y ) =
µ(µ + 1) . . . (µ + m− 1)

m!
e−

eAY (1− e−AY )m, (3)

where µ = Ã/A, m = µ(eAY − 1) is the average gluon multiplicity. These MD are known as
negative binomial distributions (NBD). Their generating function (GF) is given as follows:

Qq(z, Y ) =
∞∑

m=0

zmPm(Y ) = [1 + m/µ(1− z)]−µ . (4)

In 90-es we called a scheme which joint the quark-gluon cascade and hadronization as a Two
Stage Model (TSM) [10]. The next study of pp interactions revealed the active role of gluons at
MP and led to the change of TSM to the Gluon Dominance Model (GDM) [16], [17]. In TSM
we took (3) to describe a cascade stage and added a super narrow binomial distribution (BD)
for the hadronization stage. This choice was based on the experimental data analysis in e+e−-
annihilation lower than 9 GeV. Second correlation moments were negative at these energies.
The choice of these distributions was the only one possible to describe the experiment.

We supposed that the hypothesis of soft decoloration was right. That is why we united the
both stages by means of convolution. MD in this case are written as

Pn(Y ) =
∑
m

P P
m(Y )PH

n (m), (5)

where P P
m(Y ) is MD for partons (3), PH

n (m) - MD for hadrons produced from m partons at the
hadronization stage. Further we chose a center of masses energy

√
s instead of variable Y.
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In accordance with TSM the stage of hard fission of partons is described with NBD for the
quark jet

P P
m(s) =

kp(kp + 1) . . . (kp + m− 1)

m!

(
m

m + kp

)m (
kp

kp + m

)kp

, (6)

where kp = Ã/A, m =
∑
m

mP P
m . Two quarks are fragmenting to partons independently of each

other. MD P P
m and GF for these MD QP (s, z) are equal to:

P P
m =

1

m!

∂m

∂zm
QP (s, z)

∣∣
z=0

, (7)

QP
m(s, z) =

[
1 +

m

kp

(1− z)

]−kp

. (8)

MD of hadrons formed from one parton are described in the following form [10]

PH
n =

(
Np

n

) (
nh

p

Np

)n (
1− nh

p

Np

)Np−n

, (9)

with generating function

QH
p =

[
1 +

nh
p

Np

(z − 1)

]Np

, (10)

where nh
p and Np (p = q, g) mean the average multiplicity and a maximum possible number of

secondary hadrons formed from parton at the hadronization stage.
We should mention the object ”gluer” which was introduced by Yu.L. Dokschitzer and others

[18] and compare to ”our” gluon at the second stage. Since this region is beyond consideration
of the perturbation theory, gluons radiate strongly, they are hardly treated and participate in
the hadronization immediately after being formed. They named this object ”gluer”, stressing
that it is the privilege of gluers but not gluons to glue. Also we would like to emphasize
the exclusive role of the PINP-group in the construction of the probabilistic scheme for the
parton and hadron jets, basing on the hypothesis of the local parton-hadron duality (LPHD),
the evolution of the quantitative description of the modified leading logarithmic approximation
(MLLA).

Our study is aimed at investigating the soft region where an active gluon (a gluer) turns
into real hadrons.

Thus, MD of hadrons in e+e− annihilation are determined by the convolution of two stages
(cascade and hadronization):

Pn(s) =
∞∑

m=o

P P
m(s)

1

n!

∂n

∂zn
(QH)2+m

∣∣∣∣∣
z=0

, (11)
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Table 1. Parameters of TSM.

√
s m kp N nh α χ2

GeV

14 0.08 2 · 108 27.7 2.87 .970 2.75

22 3.01 4.91 20.2 4.34 .200 1.29

34.8 6.58 6.96 12.5 4.10 .195 240

43.6 10.30 48.30 5.16 2.31 .444 5.36

50 7.48 1.30 24.6 6.14 .100 1.97

52 11.50 1.00 24.8 6.16 .104 2.51

55 8.60 6 · 104 17.0 4.00 .260 124

56 9.81 8.23 6.51 3.73 .273 1.29

57 11.30 14.40 4.00 2.76 .385 1.95

60 8.92 9.00 9.31 4.20 .254 2.97

60.8 9.52 6.68 7.00 4.12 .246 2.02

61.4 10.40 1.00 21.1 6.38 .108 1.76

91.4 10.90 7.86 11.2 4.80 .226 1.16

133 12.00 2.99 17.1 6.50 .140 4.20

161 3.47 20.20 10.4 6.23 .550 4.45

172 20.10 9.11 9.17 4.34 .195 6.86

183 13.20 1.48 54.6 8.90 .086 2.56

189 15.10 6.90 11.6 5.15 .215 2.37

where 2 + m is the total number of partons (two quarks and m gluons).
Further we fulfil the following assumption for the second stage: nh

q/Nq ≈ nh
g/Ng, considering

the probabilities of hadron formation from quark and gluon to be equal. We introduce parameter
α = Ng/Nq to distinguish hadron jets produced from quark and gluon. After some of the
simplifications in the designations (N = Nq, nh = nh

q ) we get

QH
q(g) =

(
1 +

nh

N
(z − 1)

)(α)N

.

Introducing expressions (6), (10) in (11) and differentiating on z, we obtain MD of hadrons in
the process of e+e− annihilation in TSM:

Pn(s) =

Mg∑
m=0

P P
m

(
(2 + αm)N

n

) (
nh

N

)n (
1− nh

N

)(2+αm)N−n

. (12)

To compare the experimental data, the number of gluons in the above sum was restricted
by Mg - the maximal number of possible gluons produced at the first stage. Summing up is
limited by Mg equal to 20 − 22 for energies up to 61.4 GeV and 33 − 41 at higher, because
further increase of them does not change χ2. The results of the comparison of the expression
(12) with the experimental data [19] are shown in Table 1 (errors about 5%) and in Fig. 1. We
can see that MD in TSM (solid curve) describe the experimental data from 14 to 189 GeV [20]
very well.

We can show the following MP picture at the first cascade stage. The average gluon multi-
plicity m has a tendency to rise, but lower than the logarithmic one [20]. In [14] m(s) grows
also, kp, which is equal to the ratio 2Ã/A, approaches to 1. In our case these values remain
of the order of 10. The physical sense of kp as the temperature T was given in [21]: T ∼ k−1

p ,
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FIG. 1. MD (12) at 22 (TASSO Coll.), 56 (AMY Coll.), 91 (DELPHY Coll.) and 183 GeV (OPAL
Coll.).

k−1
p ∼ T0 + 1/cE, where T0 is the temperature of the system before the interaction, where c

is thermal capacity, E - the energy for new particles production. We can estimate the parton
system temperature at different energies. It has a tendency to increase with the energy.

A curious picture of hadronization has been found according to the behaviour of its three
parameters. The first parameter Nq determines the maximum number of secondary hadrons
formed from a quark while its passing through this stage. We suppose that the probabilities
of gluon fission, quark bremsstrahlung and quark pair production become comparable between
themselves. Then the quark pairs production results to the hadron production. Nq takes
different values from 4 to 55, so, we cannot conclude that the stable energy behavior is observed.

The second parameter nh
q is the number of hadrons formed from quark at this stage. We

can observe the weak tendency to rise. The parameter α was introduced to compare quark
and gluon jets. It is almost constant and equal to 0.2 with some deviations. If we know α,
then we can determine gluon parameters Ng = αNq and nh

g = αnh
q . It is a surprise that they

remain almost constant: Ng ∼ 3 and nh
g ∼ 1 (Fig. 2). From this result we can conclude

that the mechanism of the gluon hadronization is universal and fragmentational [22] in e+e−

annihilation processes. The fact that α < 1 proves that hadronization of the gluon jet is carried
out ”softer” than the quark jet.
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FIG. 2: The gluon hadronization parameters Ng (left) and nh
g (right).

3. Oscillations of the moments

It is known [23] that the ratio of factorial cumulative moments over factorial moments
changes the sign as a function of the order. We use MD formed in TSM to explain this
phenomenon. The factorial moments can be obtained from MD Pn by means of the following
equation:

Fq =
∞∑

n=q

n(n− 1) . . . (n− q + 1)Pn, (13)

and factorial cumulative moments are found from expression

Kq = Fq −
q−1∑
i=1

Ci
q−iKq−iFi. (14)

The ratio of these values is
Hq = Kq/Fq. (15)

The generating function for MD of hadrons (12) in e+e− annihilation G(z) is the following
convolution:

G(z) =
∑
m=0

P g
m[QH

g (z)]mQ2
q(z) = Qg(QH

g (z))mQ2
q(z). (16)

We calculate Fq and Kq in TSM by using (16)

Fq =
1

nq(s)

∂qG

∂zq

∣∣∣∣
z=1

, Kq =
1

nq(s)

∂q ln G

∂zq

∣∣∣∣
z=1

. (17)

After taking a logarithm the expression(16) for G(z)

ln G(s, z) = −kp ln[1 +
m

kp

(1−QH
g )] + 2 ln QH

q

and its further expansion to series in power on QH
g , will be as follows:

ln G(s, z) = kp

∑
m=1

(
m

m + kp

)m Qm
g

m
+ 2 ln QH

q . (18)
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Inserting Qg and QH
q into (18)

ln G(s, z) = kp

∑
m=0

(
m

m + kp

)m
1

m

[
1 +

nh

N
(z − 1)

]αmN

+ 2N ln[1 +
nh

N
(z − 1)],

and using (17) we obtain

Kq =

(
kp

∑
m=1

α(αm− 1

N
) . . . (αm− q − 1

N
) ·

(
m

m + kp

)m

−2(−1)q (q − 1)!

N q−1

)(
nh

n(s)

)q

, (19)

where n(s) is the average multiplicity hadrons in process (1). It is possible to find Fq using
(17)

Fq =
∑
m=0

(2 + αm)(2 + αm− 1

N
) . . . (2 + αm− q − 1

N
)Pm

(
nh

n(s)

)q

, (20)

where Pm is equal to (6). The sought-for expression for Hq will be the following:

Hq =

[∑
m=1

kpα(αm− 1

N
) . . . (αm− q − 1

N
)

(
m

m + kp

)m

− 2(−1)q (q − 1)!

N q−1

]

/ [∑
m=0

(2 + αm)(2 + αm− 1

N
) . . . (2 + αm− q − 1

N
)Pm

]
. (21)

The comparison with the experimental data [23] has shown that (21) describes the ratio of
factorial moments (Fig. 3). The function minimum is seen at q=5.

In the region lower Z0, Hq oscillates in the sign only with the period equal to 2 and changes
the sign with parity q. Beyond this region the oscillation period increases till 4 and higher. It
can be explained by the influence of the cascade development and hadronization. Values Kq

(as well Hq) may change the sign only due to the second summand in (19). Taking into account
hadronization and the more developed cascade of partons leads to the increase of the value of
the oscillation period. Significant oscillations can be explained by the convolution of the wide
parton cascade and super narrow BD for hadronization at the second stage.

It is necessary to add that analysis of MP in framework of the another picture based on
dissipating energy of participants [24] describes the similarity of the bulk observable as the
mean multiplicity in hadron (nucleus) and e+e− interactions.

4. Second correlative moment f2

By definition the second correlative moments f2 are

f2 = n(n− 1)− n2.

They could be calculated with GF

f2 =
∂2G(s, z)

∂z2

∣∣∣∣
z=1

−
(

∂G(s, z)

∂z

∣∣∣∣
z=1

)2

. (22)

The immediate use of GF G(s,z) (16) leads to

f2 =

(
α2m2

kp

+ α2m− 2 + αm

N

)
(nh)2. (23)
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FIG. 3: Hq (21) at 22, 60, 133 and 183 GeV.

The energy dependence of f2 agrees with the experimental results [19]. At low energy the mean
number of gluons m is very small (an undeveloped parton cascade), parameter kp >> 1 and
the second correlative moment has a negative value (the hadronization predominance). At high
energy f2 becomes positive, because it is defined as the first term in (23) since m > 1 and
kp ∼ 10. So, we can see the change of the correlative moment sign with energy increase from
negative values to the positive ones.

5. Summary

The proposed approach to the MP study in e+e− annihilation allows me to investigate the
parton cascade and hadronization, to describe MD and their moments. Also the permanence
of the hadronization parameters for gluons was established that is the evidence of the fragmen-
tation character of hadronization in e+e− annihilation.
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